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Abstract Vertices of an affiliation network are linked to features and two vertices are declared
adjacent whenever they share a common feature. We introduce a random intersection graph
process aimed at modeling sparse evolving affiliation networks. We establish the asymptotic
degree distribution and provide explicit asymptotic formulas for assortativity and clustering
coefficients and show how these edge dependence characteristics vary over time.

1. INTRODUCTION

Affiliation networks are an important class of social networks: members of a network tend
to establish relations if they share some common interests or features [12, 17]. For example,
for marketing purposes, customers of an internet shop (users of a video-sharing website) can
be considered related to each other if they have purchased the same or similar items (e.g.,
downloaded the same movie). In this article we consider the fitness model of an affiliation
network. Vertices (members of the network) and features are assigned independent fitness
factors, and a vertex is linked to a feature with probability proportional to the product of
their fitness factors. This probability also depends on the arrival times of the vertex and the
feature and is set at zero whenever the difference between these arrival times exceeds some
threshold value. We show that the network model admits a power-law degree distribution
and nontrivial clustering and assortativity coefficients.

Given nonnegative weights x = {xi}i≥1 and y = {yj }j≥1, and a nondecreasing
positive sequence {τ (t)}t≥1 satisfying limt→+∞ τ (t) = +∞, letHx,y be the random bipartite
graph with bipartition V = {v1, v2, . . . } and W = {w1, w2, . . . }, where edges {wi, vj } are
inserted independently and with probabilities

pij = min
{

1,
xiyj√
ij

}
I{aτ (j )≤i≤bτ (j )}. (1.1)

Here, b > a > 0 are fixed numbers. Hx,y defines the graph Gx,y on the vertex set V such
that any u, v ∈ V are declared adjacent (denoted u ∼ v) whenever they have a common
neighbor in Hx,y .
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Consider, for example, a library where items w1, w2, . . . are acquired one after
another, and where users v1, v2, . . . , vj , . . . are registered at times j = 1, 2, . . . . User vj
picks at random items from the “contemporary literature collection” [aτ (j ), bτ (j )] = {wi :
aτ (j ) ≤ i ≤ bτ (j )} relevant to its arrival time j . An item wi is picked with probability
proportional to the activity yj of the user vj and the attractiveness xi of the item wi , cf.
(1.1). The realized bipartite graph Hx,y represents “library" records, whereas realizedGx,y

represents adjacency relations between users in the resulting affiliation network.
Theoretical analysis of such a network becomes simpler if we impose some regularity

conditions on the weight sequences x and y. A convenient assumption is that x and y are
realized values of i.i.d sequences X = {Xi}i≥1 and Y = {Yj }j≥1. In this way we obtain
random graphsHX,Y andGX,Y . The parameters of the model are the probability distributions
of X1, Y1, function τ (the speed of item acquisition), and cutoffs a < b, which, together
with τ (j ), determine the interval [aτ (j ), bτ (j )], which we also interpret as the lifespan of
a user vj . In what follows, we mainly consider the case where τ (t) = tν , ν > 0. In this
case our choice of weights 1/

√
ij (together with moment conditions on X and Y ) ensures

that the resulting random graph GX,Y is sparse, i.e., the degree sequence {d(vj )}j≥1 is
stochastically bounded.

Random graph GX,Y is aimed at modeling sparse affiliation networks that evolve in
time, such as, e.g., the actor network, where two actors are declared adjacent whenever they
have played in the same movie, a collaboration network where two authors are declared
adjacent if they have coauthored an article. Such networks display a natural bipartite
structure: actors are linked to films, authors are linked to articles. An underlying bipartite
structure seems to be present in many social networks: members of a network become
acquainted because they share some common interests. The bipartite structure is helpful in
explaining the clustering property (network transitivity), and the observed fact that degrees
of adjacent vertices are positively correlated (network assortativity), [17, 20].

We note that each vertex of the graph GX,Y can be identified with the random
subset of W , consisting of items selected by that vertex, and two vertices are adjacent in
GX,Y whenever their subsets intersect. Graphs describing such adjacency relations between
members of a finite family Vn = {v1, . . . , vn} of random subsets of a given finite set
Wm = {w1, . . . , wm} have been introduced in [14], see also [10]. They are called random
intersection graphs. We remark that random intersection graphs reproduce empirically
observed clustering properties of the actor network with remarkable accuracy ([2], [6]).
Unfortunately, they do not account for the evolving nature of the network (actors who acted
in 2013 are unlikely to be adjacent to those who acted in 1913) and, therefore, cannot
explain how various characteristics of an evolving network vary over time. This drawback
of the static model has motivated our interest in evolving random intersection graph GX,Y .
A related empirical study showing how various characteristics of an evolving collaboration
network changed over a 100-year period is presented in [15], see also [16].

The random graph GX,Y can be considered as a random process evolving in time,
where the vertex vt that arrived at time t can establish adjacency relations only with
contemporaries vs such that the intervals [aτ (t), bτ (t)] and [aτ (s), bτ (s)] (lifespans of vt
and vs) intersect. We show that the random intersection graph process admits an asymptotic
power-law distribution of the degree d(vt ) of a vertex vt as t → +∞. Moreover, we give an
explicit description of the asymptotic degree distribution. Furthermore, we show thatGX,Y

admits a nontrivial clustering and assortativity coefficients and calculate their first-order
asymptotics.
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The intuition behind these results is explained as follows. We first observe that
in choosing inhomogeneous weight sequences x and y, one may expect to obtain an
inhomogeneous degree sequence of the graph Gx,y : vertices with larger weights attract
larger numbers of neighbors. Consequently, in the case where the probability distributions
of X1 and Y1 have heavy tails, we obtain a heavy-tailed asymptotic degree distribution.
Second, we observe that if the set W (t) of items selected by a user vt is (stochastically)
bounded and the lifespans of two neighbors of vt , say vs and vu, intersect, then, with a
nonvanishing probability, vs and vu share an item fromW (t). Consequently, the conditional
probability αt |su = P(vs ∼ vu|vs ∼ vt , vt ∼ vu), called the clustering coefficient, is
positive and bounded away from zero. In particular, the underlying bipartite graph structure
serves as a clustering mechanism. A similar argument applies to the assortativity coefficient
(Pearson’s correlation coefficient between degrees of adjacent vertices)

rs,t = Est d(vs)d(vt ) − Est d(vs)Est dv(t)√
Varst d(vs)Varst d(vt )

. (1.2)

Here, an item shared by adjacent vertices vs ∼ vt attracts a number of common neighbors
of vs and vt . This makes the correlation coefficient positive and bounded away from zero.
Here, Est denotes the conditional expectation given the event vs ∼ vt and Varst d(vs) =
Est d2(vs) − (Est dv(s))2.

2. RESULTS

2.1. Degree

For τ (t) growing linearly in t we obtain a compound probability distribution in the limit. We
remark that in this caseGX,Y admits nontrivial asymptotic clustering coefficients, see (2.6),
(2.7), (2.8) below. For τ (t) growing faster than linearly in t , we obtain a mixed Poisson
asymptotic degree distribution. In this case clustering coefficients vanish.

Theorem 2.1. Let b > a > 0. Let τ (t) = t . Suppose that EX2
1 < ∞ and EY1 < ∞. Set

λ1 = λ1(Y1) = 2(b1/2 − a1/2)(EX1)Y1 and λ2 = λ2(X1) = 2(a−1/2 − b−1/2)(EY1)X1.
For t → +∞, the random variable d(vt ) converges in distribution to the random

variable

d∗ =
�1∑
j=1

κj , (2.1)

where κ1,κ2, . . . are independently and identically distributed random variables indepen-
dent of the random variable �1. They are distributed as follows. For r = 0, 1, 2, . . . , we
have

P(κ1 = r) = r + 1

E�2
P(�2 = r + 1), where P(�i = r) = E e−λi

λri

r!
, i = 1, 2.

(2.2)

We remark that the second moment condition EX2
1 < ∞ of Theorem 2.1 seems to

be redundant and could perhaps be waived.
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Theorem 2.2. Let b > a > 0 and ν > 1. Let τ (t) = tν . Suppose that EX2
1 < ∞ and

EY1 < ∞. Set λ3 = λ3(Y1) = γ (EX2
1)(EY1)Y1, where γ = 4ν(b1/2ν − a1/2ν)(a−1/2ν −

b−1/2ν).
For t → +∞, the random variable d(vt ) converges in distribution to the random

variable �3 having the probability distribution

P(�3 = r) = E e−λ3
λr3

r!
, r = 0, 1, 2, . . . . (2.3)

Remark 2.3. The probability distributions �i , i = 1, 2, 3, are Poisson mixtures. One
way to sample from the distribution of �i is to generate random variable λi and then,
given λi , to generate a Poisson random variable with the parameter λi . In Theorem 2.1
we obtain a power-law asymptotic degree distribution provided that the heavier of the tails
t → P(κ1 > t) and t → P(�1 > t) has a power law, see [9]. In Theorem 2.2 we obtain a
power-law asymptotic degree distribution provided that Y1 has a power law. Indeed, since
for large λ the Poisson distribution P(λ) is tightly concentrated around its mean λ, we have
that, given a large value of Y1, the conditional distribution of �3 is concentrated around
λ3 = γ (EX2

1)(EY1)Y1. Now, since the latter random variable has a power law, we conclude
that �3 has a power law with the same exponent as Y1.

Remark 2.4. The result of Theorem 2.2 extends to a more general class of increasing
nonnegative functions τ . In particular, assuming that

lim
t→+∞

t

τ (t)
= 0, sup

t>1

τ−1(2t)

τ−1(t)
< ∞, (2.4)

and that there exists a finite limit

γ ∗ = lim
t→+∞ t

−1/2
∑

aτ (t)≤i≤bτ (t)

i−1
∑

j : aτ (j )≤i≤bτ (j )

j−1/2,

we obtain the convergence in distribution of d(vt ) to �3 defined by (2.3) with λ3 =
γ ∗(EX2

1)(EY1)Y1. Here, τ−1 denotes the inverse of τ (i.e., τ (τ−1(t)) = t).

Remark 2.5. The function τ (t) = t ln t , which grows slower than any power tν , ν > 1,
satisfies conditions of Remark 2.4 with γ ∗ = 4(a−1/2 − b−1/2)(b1/2 − a1/2). Furthermore,
the functions τ1(t) = eln2 t and τ2(t) = et , which grow faster than any power tν , satisfy
conditions of Remark 2.4 with γ ∗ = 0 and now the asymptotic degree distribution is
degenerate. The function τ (t) = tν , for 0 < ν < 1, does not satisfy conditions of Remark
2.4. In this case, the asymptotic degree distribution is again degenerate, i.e., for EX1 < ∞
and EY1 < ∞ we have d(vt ) = oP (1) as t → +∞. This fact is obtained in the same way
as the statement (i) of Theorem 1 of [3].

2.2. Clustering

We assume that s < t < u and consider the conditional probabilities αs|tu, αt |su and αu|st .
These probabilities are all different and, given 0 < a < b, they depend mainly on the ratios
s/t , s/u, and t/u. Denote p� = p�(s, t, u) = P(vs ∼ vt , vs ∼ vu, vt ∼ vu) the probability
that vs, vt , vu make up a triangle.
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Theorem 2.6. Let b > a > 0. Let τ (t) = t . Suppose that EX3
1 < ∞ and EY 2

1 < ∞.
Assume that s, t, u → +∞ so that s < t < u and 
au� ≤ �bs
. We have

p� = a3b
3
1√

stu

(
2√
au

− 2√
bs

)
+ o(t−2), (2.5)

αt |su = p�

p� + a2
2b

2
1b2t−1(su)−1/2δt |su

+ o(1), (2.6)

αs|tu = p�

p� + a2
2b

2
1b2s−1(tu)−1/2δs|tu

+ o(1), (2.7)

αu|st = p�

p� + a2
2b

2
1b2u−1(st)−1/2δu|st

+ o(1). (2.8)

Here, we denote ai = EXi1, i = 2, 3, and bj = EY j1 , j = 1, 2, and

δt |su = ln(u/t) ln(t/s) + ln(u/t) ln(bs/au) + ln(t/s) ln(bs/au) + ln2(bs/au),

δs|tu = ln(u/t) ln(bs/au) + ln2(bs/au),

δu|st = ln(t/s) ln(bs/au) + ln2(bs/au).

We remark that the condition 
au� ≤ �bs
 of Theorem 2.6 excludes the trivial case where
p� ≡ 0. Indeed, for s < u, the converse inequality 
au� > �bs
 means that the lifetimes
of vs and vu do not intersect and, therefore, we have P(vs ∼ vu) ≡ 0. In addition, the
inequality 
au� ≤ �bs
 implies that positive numbers δt |su, δs|tu, δu|st are bounded from
above by a constant (depending only on a and b).

2.3. Assortativity

We assume that τ (t) = t and consider the sequence of random variables {d(vt )}t≥1. From
Theorem 2.1 we know about the possible limiting distributions for d(vt ). Moreover, from
the fact that GX,Y is sparse, we can conclude that, for any given k, the random variables
d(vt ), d(vt+1), . . . , d(vt+k) are asymptotically independent as t → +∞. An interesting
question is about the statistical dependence between d(vs) and d(vt ) if we know, in addition,
that vertices vs and vt are adjacent in GX,Y . We assume that s < t and let s, t → +∞ so
that bs − at → +∞. Note that the latter condition ensures that the shared lifetime of vs
and vt tends to infinity as s, t → +∞. In this case we obtain that conditional moments

Est d(vs) = Est d(vt ) + o(1) = δ1 + o(1), (2.9)

Est d2(vs) = Est d2(vt ) + o(1) = δ2 + o(1),

Est d(vs)d(vt ) = δ2 −�+ o(1)

are asymptotically constant. Here, � = h−1
1 (2h3 + 2h5 + 4(h6 − h7)) and

δ1 = 1 + h−1
1 (h2 + 2h3), δ2 = 1 + h−1

1 (3h2 + 6h3 + h4 + 6h5 + 4h6).
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Furthermore, the quantities hi are polynomials in moments ak = EXk1 and bk = EY k1

h1 = a2b
2
1, h2 = a3b

3
1γ̃ , h3 = a2

2b
2
1b2γ̃ (

√
b − √

a),

h4 = a4b
4
1γ̃

2, h5 = a2a3b
3
1b2γ̃

2(
√
b − √

a), (2.10)

h6 = a3
2b

3
1b3γ̃

2(
√
b − √

a)2, h7 = a3
2b

2
1b

2
2γ̃

2(
√
b − √

a)2,

and γ̃ = 2(a−1/2 − b−1/2).
From (1.2) and (2.9) we obtain that the assortativity coefficient

rst = 1 − �

δ2 − δ2
1

+ o(1) (2.11)

is asymptotically constant.

2.4. Related Work

The degree distribution of the typical vertex of finite random intersection graphs has been
studied by several authors, see, e.g., [2], [8], [13], [18], the clustering properties have been
studied in [2], [5] [8], [11]. Assortativity coefficient has been evaluated in [5].

In a recent article [4], a related intersection graph process is considered, where
a newly arrived user is linked preferentially to already highly popular items, thus, further
increasing their popularity/attractiveness measured by the number of users that have chosen
this item. We note that the spatial preferred attachment model [1] can also be viewed as a
geometric intersection graph process.

3. PROOFS

We first introduce some notation. Then we prove Theorems 2.1 and 2.2. The proof of
Remark 2.4 goes along the lines of the proof of Theorem 2.2 and is omitted. Theorem 2.6
and relations (2.9) are shown in the accompanying study [7] (see pp. 100–104 of [7]). In
order to avoid repetition we do not present their proofs here.

In the proofs of Theorems 2.1 and 2.2, we apply the approach used in [3]. Here, the
main technical difference between the static model G(P1, P2, n,m) of [3] and the process
GX,Y is that the scaling 1√

ij
of the edge inclusion probability pij of the underlying bipartite

graph of GX,Y depends on the arrival times i and j of item wi and user vj , whereas
the scaling 1√

nm
of the corresponding edge inclusion probability p′

ij of the static model is
independent of i and j . The dependence on arrival times i and j adds some more complexity
to the proofs and affects the parameters of random variables λ1, λ2, λ3 of (2.2), (2.3).

We denote ak = EXk1 and bk = EY k1 . Throughout the proof, limits are taken as
t → +∞, if not stated otherwise. By c we denote positive numbers that may depend
only on a, b and τ . We remark that c may attain different values in different places. We
say that a sequence of random variables {ζt }t≥1 converges to zero in probability (denoted
ζt = oP (1)) whenever lim supt P(|ζt | > ε) = 0 for each ε > 0. The sequence {ζt }t≥1 is
called stochastically bounded (denoted ζt = OP (1)) whenever for each δ > 0 there exists
Nδ > 0 such that lim supt P(|ζt | > Nδ) < δ.

Time intervals

Tt = {i : aτ (t) ≤ i ≤ bτ (t)}, T ∗
i = {j : aτ (j ) ≤ i ≤ bτ (j )} (3.1)
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can be interpreted as lifetimes of the actor vt and attribute wi respectively. Here and below
elements ofV are called actors, elements ofW are called attributes. The oldest and youngest
actors that may establish a communication link with vt are denoted vt− and vt+ . Here

t− = min{j : Tj ∩ Tt �= ∅}, t+ = max{j : Tj ∩ Tt �= ∅}.
The event “edge {wi, vj } is present in HX,Y ” is denoted wi → vj . Introduce random
variables

Iij = I{wi→vj }, Ii = Iit , Ui =
∑

j∈T ∗
i \{t}

Iij , L = Lt =
∑
i∈Tt

UiIi ,

Bk(I ) =
∑
j∈I

Y kj j
−k/2, Ak(I ) =

∑
i∈I

Xki i
−k/2, I ⊂ N, (3.2)

λij = XiYj/
√
ij , QXY (t) =

∑
i∈Tt

λit
∑

j∈T ∗
i \{t}

λij min{1, λij }. (3.3)

We remark that Ui counts all neighbors of wi in HX,Y belonging to the set V \ {vt }, and Lt
counts all paths of length 2 in HX,Y starting from vt . Introduce events

At = {λit ≤ 1, i ∈ Tt }, Bt (ε) = {Yj ≤ ε2j, j ∈ [t−, t+] \ {t}}, ε > 0.

By P̃ and Ẽ we denote the conditional probability and expectation given X, Y . The condi-
tional probability and expectation given Y is denoted PX and EX. By Pt and Et we denote
the conditional probability and expectation given Yt . By dT V (ζ, ξ ) we denote the total
variation distance between the probability distributions of random variables ζ and ξ . In the
case where ζ, ξ andX, Y are defined on the same probability space, we denote by d̃T V (ζ, ξ )
the total variation distance between the conditional distributions of ζ and ξ given X, Y .

In the proof, we use the following simple fact. For a uniformly bounded sequence of
nonnegative random variables {ζt }t≥1 (i.e., such that for some nonrandom h > 0 and each
t the inequalities 0 ≤ ζt < h hold almost surely) we have

ζt = oP (1) ⇒ Eζt = o(1). (3.4)

In particular, given a sequence of bivariate random vectors {(φt , ψt )}t≥1, defined on the
same probability space as X, Y , we have

d̃T V (φt , ψt ) = oP (1) ⇒ dT V (φt , ψt ) = o(1). (3.5)

Finally, we note that the notation introduced in the proof of a particular lemma or
theorem is valid only for that proof.

3.1. Proof of Theorem 2.1

Before the proof we collect auxiliary results. For τ (t) := t and Tt , T ∗
i defined in (3.1), we

have
∑
i∈Tt

i−1/2 = t1/2γ1 + rt−1/2,
∑
j∈T ∗

i

j−1/2 = i1/2γ2 + r ′i−1/2, (3.6)

γ1 : = 2(b1/2 − a1/2), γ2 := 2(a−1/2 − b−1/2),
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where |r|, |r ′| ≤ c.

Lemma 3.1. Let t → +∞. Assume that EX2
1 < ∞ and EY1 < ∞. We have

∀ε > 0 P(Bt (ε)) = 1 − o(1), (3.7)

t−1B2([t−, t+] \ {t}) = oP (1), (3.8)

P(d(vt ) �= Lt ) = o(1), (3.9)

P(At ) = 1 − o(1), (3.10)

QXY (t) = oP (1), EQXY (t) = o(1). (3.11)

For any integers t > a−1(b + b−1) and i ∈ Tt , and any 0 < ε < 1 we have

|EA1(Tt ) − a1γ1t
1/2| ≤ ca1t

−1/2, |EB1(T ∗
i \ {t}) − b1γ2i

1/2| ≤ cb1i
−1/2, (3.12)

E|B1(T ∗
i \ {t}) − b1γ2i

1/2|IBt (ε) ≤ ci1/2(εb1/2
1 + EY1I{Y1>ε2t−}) + cb1i

−1/2, (3.13)

E|A1(Tt ) − a1γ1t
1/2| ≤ ca

1/2
2 . (3.14)

Proof of Lemma 3.1. Proof of (3.7). We estimate the probability of the complement
event Bt (ε) using the union bound and Markov’s inequality

P(Bt (ε)) ≤
∑

t−≤j≤t+
P(Yj > ε2j ) = t+P(Y1 > ε2t−) ≤ ε−2(t+/t−)EY1I{Y1>ε2t−} = o(1).

Here we estimate t+/t− ≤ c and invoke the bound EY1I{Y1>s} = o(1), for s → +∞.
Proof of (3.8). Denote b̂2(t) = t−2 ∑

1≤j≤t Y
2
j . We note that EY1 < ∞ implies

b̂2(t) = oP (1). The latter bound in combination with the simple inequality t+/t− ≤ c

implies (3.8).
Proof of (3.10). Let At denote the complement event to At . We have, by the union

bound and Markov’s inequality,

Pt (At ) ≤
∑
i∈Tt

Pt (λit ≥ 1) ≤
∑
i∈Tt

(it)−1Y 2
t a2 ≤ ca2t

−1Y 2
t .

We obtain the bound Pt (At ) = o(1), which implies (3.10), see (3.4).
Proof of (3.9). In view of (3.4) it suffices to show that PX(d(vt ) �= Lt ) = oP (1).

We note that d(vt ) �= Lt if and only if S ≥ 1, where S = ∑′
Ii1Ii2Ii1j Ii2j . Here, we denote∑′ = ∑

{i1,i2}⊂Tt
∑

j∈T ∗
i1

∩T ∗
i2
, j �=t . Observing that

EXIi1Ii2Ii1j Ii2j = EXpi1tpi2tpi1jpi2j ≤ a2
2Y

2
t Y

2
j /(i1i2tj ),

we obtain, by Markov’s inequality,

PX(d(vt ) �= Lt ) = PX(S ≥ 1) ≤ EXS ≤ a2
2Y

2
t t

−1
′∑
Y 2
j (i1i2j )−1. (3.15)

The simple bound
∑

{i1,i2}⊂Tt
1
i1i2

≤ c implies
∑′

Y 2
j (i1i2j )−1 ≤ cB2([t−, t+] \ {t}). Now,

by (3.8) the right-hand side of (3.15) tends to zero in probability.
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Proof of (3.11). Denote X̂i = max{Xi, 1}, Ŷj = max{Yj , 1}, and let Q̂XY (t) denote
the sum in (3.3), where λij is replaced by λ̂ij = X̂i Ŷj /

√
ij . We observe that EX2

1 < ∞
and EY1 < ∞ imply

aϕ := EX̂2
1ϕ(X̂1) < ∞, bϕ := EŶ1ϕ(Ŷ1) < ∞,

for some positive increasing function ϕ : [1,+∞) → [0,+∞) satisfying ϕ(u) → +∞ as
u → +∞ (clearly, ϕ(·) depends on the distributions of X1 and Y1). In addition, we can
choose ϕ satisfying ϕ(u) ≤ u and ϕ(su) ≤ ϕ(s)ϕ(u), for s, u ≥ 1. From these inequalities,
one derives the inequality min{1, λ̂ij } ≤ ϕ(X̂i)ϕ(Ŷj )/ϕ(

√
ij ) (see formula (13) in [3]). The

latter inequality implies

Q̂XY (t) ≤ ŶtQ
∗
XY (t), Q∗

XY (t) :=
∑
i∈Tt

X̂2
i ϕ(X̂i)√
t i

∑
j∈T ∗

i \{t}

Ŷjϕ(Ŷj )√
ij

1

ϕ(
√
ij )
.

Furthermore, for i ∈ Tt and j ∈ T ∗
i we have ij ≥ �at
t− =: t2∗ , and t∗ → +∞ as

t → +∞. Hence,

EQ∗
XY (t) ≤ 1

ϕ(t∗)
aϕbϕ

∑
i∈Tt

1√
t i

∑
j∈T ∗

i

1√
ij

= O

(
1

ϕ(t∗)

)
= o(1).

This bound together with the inequalities QXY (t) ≤ Q̂XY (t) ≤ ŶtQ
∗
XY (t) shows (3.11).

Proof of (3.12). These inequalities follow from (3.6).
Proof of (3.13). Denote� = |b̃− b1γ2i

1/2|, where b̃ denotes the sum B1(T ∗
i \ {t}),

but with Yj replaced by Ỹj = Yj I{Yj≤ε2j}, j ∈ T ∗
i \ {t}. We have

|B1(T ∗
i \ {t}) − b1γ2i

1/2|IBt (ε) = �IBt (ε) ≤ � ≤ �1 +�2 +�3, (3.16)

where we denote�1 = |b̃−Eb̃|,�2 = |Eb̃−EB1(T ∗
i \{t})|,�3 = |EB1(T ∗

i \{t})−b1γ2i
1/2|.

Next, we evaluate E�1 and �2:

(E�1)2 ≤ E(�2
1) ≤

∑
j∈T ∗

i \{t}
j−1EỸ 2

j ≤ ε2b1|T ∗
i |, (3.17)

�2 ≤
∑

j∈T ∗
i \{t}

j−1/2EYj I{Yj>ε2j} ≤ EY1I{Y1>ε2t−}
∑

j∈T ∗
i \{t}

j−1/2. (3.18)

In (3.17) we first apply Cauchy–Schwartz, then use the linearity of variance of a sum of
independent random variables, and finally apply the inequality VarỸj ≤ EỸ 2

j ≤ jε2EYj .
Invoking (3.12), (3.17), (3.18) in (3.16) and using (3.6) and |T ∗

i | ≤ ci, we obtain (3.13).
Proof of (3.14). We have E|A1(Tt )−a1γ1t

1/2| ≤ E�̃1+�̃2, where �̃1 := |A1(Tt )−
EA1(Tt )| and �̃2 = |EA1(Tt ) − a1γ1t

1/2|, and invoke the inequalities

(E�̃1)2 ≤ E�̃2
1 =

∑
i∈Tt

j−1(a2 − a2
1) ≤ ca2

and �̃2 ≤ ca1 ≤ ca
1/2
2 , see (3.12). �

Inequality (3.19) below is referred to as Le Cam’s inequality, see e.g., [19].
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Lemma 3.2. Let S = I1 + I2 +· · ·+ In be the sum of independent random indicators with
probabilities P(Ii = 1) = pi . Let� be a Poisson random variable with mean p1 +· · ·+pn.
The total variation distance between the distributions PS of S and P� of �

dTV (S,�) := sup
A⊂{0,1,2... }

|P(S ∈ A) − P(� ∈ A)| ≤
∑
i

p2
i . (3.19)

Proof of Theorem 2.1. Before the proof we introduce some notation. Given X, Y , we
generate independent Poisson random variables

ηi, ξ1i , ξ3i , ξ4i , �ri, i ∈ Tt , r = 1, 2, 3,

with conditional mean values

Ẽηi = λit , Ẽξ1i =
∑

j∈T ∗
i \{t}

pij , Ẽξ3i = Xib1γ2, Ẽξ4i = Xibi
−1/2,

Ẽ�1i =
∑

j∈T ∗
i \{t}

(λij − pij ), Ẽ�2i = Xiδ2i i
−1/2, Ẽ�3i = Xiδ3i i

−1/2.

Here,

δ2i = B1(T ∗
i \ {t}) − b, δ3i = b1γ2i

1/2 − b, b = min{B1(T ∗
i \ {t}), b1γ2i

1/2}.
Finally, we define ξ2i = ξ1i +�1i , i ∈ Tt and introduce random variables

L0t =
∑
i∈Tt

ηiUi, Lrt =
∑
i∈Tt

ηiξri , r = 1, 2, 3. (3.20)

We assume, in addition, that given X, Y , the families of random variables {Ii , i ∈ Tt }
and {ξri, i ∈ Tt , r = 1, 2, 3, 4} are conditionally independent, and that {ηi, i ∈ Tt } is
conditionally independent of the set of edges of HX,Y that are not incident to vt .

We are ready to start the proof. In view of (3.9) the random variables d(vt ) and
Lt have the same asymptotic distribution (if any). We shall prove that Lt converges in
distribution to d∗. In the proof we approximate Lt by the random variable L3t (first step of
the proof). Afterward we show that L3t converges in distribution to d∗ (second step of the
proof).

Step 1. In order to show that Lt and L3t have the same asymptotic distribution (if
any) we prove the bounds

dT V (Lt, L0t ) = o(1), dT V (L0t , L1t ) = o(1), (3.21)

E|L1t − L2t | = o(1), L̃2t − L̃3t = oP (1). (3.22)

Here L̃2t and L̃3t are marginals of the random vector (L̃2t , L̃3t ) constructed in (3.26)
following which has the property that L̃2t has the same distribution as L2t and L̃3t has the
same distribution as L3t .

Let us prove the first bound of (3.21). We shall show that

d̃T V (Lt, L0t )IAt
≤ t−1Y 2

t A2(Tt ). (3.23)
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From the inequality EA2(Tt ) = ∑
i∈Tt i

−1a2 ≤ c a2 we conclude that A2(Tt ) is stochasti-
cally bounded. Hence t−1Y 2

t A2(Tt ) = oP (1). This bound and (3.23) combined with (3.10)
imply

d̃T V (Lt, L0t ) ≤ d̃T V (Lt, L0t )IAt
+ IAt

= oP (1).

Now the first bound of (3.21) follows from (3.5). It remains to prove (3.23). We set
L′
k = ∑k

i=
at� IiUi +
∑�bt


i=k+1 ηiUi . We have, by the triangle inequality,

d̃T V (Lt, L0t ) ≤
∑
k∈Tt

d̃T V (L′
k−1, L

′
k).

Then we estimate d̃T V (L′
k−1, L

′
k) ≤ d̃T V (ηk, Ik) ≤ (kt)−1Y 2

t X
2
k . Here the first inequality

follows from the properties of the total variation distance. The second inequality follows
from Lemma 3.2 and the fact that on the event At we have pkt = λkt .

Let us prove the second bound of (3.21). In view of (3.4) it suffices to show that
d̃T V (L0t , L1t ) = oP (1). For this purpose we write, by the triangle inequality,

d̃T V (L0t , L1t ) ≤
∑
k∈Tt

d̃T V (L∗
k−1, L

∗
k), (3.24)

where L∗
k := ∑k

i=
at� ηiUi +
∑�bt


i=k+1 ηiξ1i , and estimate

d̃T V (L∗
k−1, L

∗
k) ≤ d̃T V (ηkUk, ηkξ1k) ≤ P̃(ηk �= 0)d̃T V (Uk, ξ1k). (3.25)

Now, invoking the inequalities

P̃(ηk �= 0) = 1 − e−λkt ≤ λkt and d̃T V (Uk, ξ1k) ≤
∑

j∈T ∗
k \{t}

p2
kj ,

see (3.19), we obtain from (3.24), (3.25) and (3.11) that

d̃T V (L0t , L1t ) ≤ QXY (t) = oP (1).

Let us prove the first bound of (3.22). We observe that

|L2t − L1t | = L2t − L1t =
∑
i∈Tt

ηi�1i

and

Ẽ
∑
i∈Tt

ηi�1i =
∑
i∈Tt

λit
∑

j∈T ∗
i \{t}

(λij − 1)I{λij>1} ≤ QXY (t).

We obtain E|L2t − L1t | ≤ EQXY (t) = o(1), see (3.11).

Let us prove the second bound of (3.22). We note that the random vector

(L̃2t , L̃3t ), L̃2t =
∑
i∈Tt

ηi(ξ4i +�2i), L̃3t =
∑
i∈Tt

ηi(ξ4i +�3i) (3.26)
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has the marginal distributions of (L2t , L3t ). In addition, since�2i ,�3i ≥ 0 and at most one
of them is nonzero, we have |�2i −�3i | = �2i +�3i . Therefore, we can write

�̃ := |L̃2t − L̃3t | ≤
∑
i∈Tt

|ηi ||�2i −�3i | =
∑
i∈Tt

ηi(�2i +�3i). (3.27)

We remark that given X, Y , the random variable �2i + �3i has Poisson distribution with
(conditional) mean value

Ẽ(�2i +�3i) = Xii
−1/2δi, δi := |B1(T ∗

i \ {t}) − b1γ2i
1/2|.

Therefore, (3.27) implies Ẽ�̃ ≤ t−1/2Yt
∑

i∈Tt X
2
i i

−1δi . Next, for 0 < ε < 1, we have

EIBt (ε)�̃ ≤ EIBt (ε)t
−1/2Yt

∑
i∈Tt

X2
i i

−1δi = b1a2t
−1/2

∑
i∈Tt

i−1EδiIBt (ε).

Invoking upper bound (3.13) for EδiIBt (ε), we obtain EIBt (ε)�̃ ≤ cb
3/2
1 a2ε + o(1). Finally,

this bound combined with Markov’s inequality and (3.7) yields

P(�̃ ≥ 1) = P({�̃ ≥ 1} ∩ Bt (ε)) + o(1) ≤ EIBt (ε)�̃+ o(1) ≤ cb
3/2
1 a2ε + o(1).

We conclude that P(�̃ �= 0) = P(�̃ ≥ 1) = o(1), thus obtaining the second bound of
(3.22).

Step 2. Here we prove that L3t converges in distribution to d∗. Before the proof, we
introduce some notation. Let Y� be a random variable with the same distribution as Y1 and
independent of X, Y . Given X, Y, Y�, we generate independent Poisson random variables
η�k , k ∈ Tt with (conditional) mean values E(η�k|X, Y, Y�) = λk�, where λk� = XkY�(kt)−1/2.
We assume that, givenX, Y, Y�, the family of random variables {η�k, k ∈ Tt } is conditionally
independent of {ξ3k, k ∈ Tt }. Define L�t = ∑

k∈Tt η
�
kξ3k , and let d� be defined in the same

way as d∗, but with λ1 replaced by λ� = Y�a1γ1. Denote

fκ(z) = Eeizκ1 , f̄κ(z) =
∑
r≥0

eizr p̄r , p̄r = λ̄−1
∑
k∈Tt

λk�I{ξ3k=r}, λ̄ =
∑
k∈Tt

λk�,

δ = (f̄κ(z) − 1)λ̄− (fκ(z) − 1)λ�, f (z) = Ēeizd� , f̄ (z) = ĒeizL�t .

Here and following, i denotes the imaginary unit, z is a real number. Ē denotes the con-
ditional expectation given X, Y, Y� and {ξ3k, k ∈ Tt }. By E� we denote the conditional
expectation given Y�. We recall that random variables κ1,κ2, . . . are defined in the state-
ment of Theorem 2.1. Given ε > 0, introduce the event D = Dε = {|A1(Tt ) − γ1a1t

1/2| <
εt1/2 min{1, γ1a1}} and let D denote the complement event. Furthermore, select the number
T = Tε > 1/ε such that P(κ1 ≥ T ) < ε.

We note that L�t is defined in the same way as L3t above, but with Yt replaced by
Y�. Hence L3t has the same distribution as L�t . Similarly, d∗ has the same distribution as d�.
Therefore, it suffices to show that L�t converges in distribution to d�. For this purpose, we
show the convergence of Fourier–Stieltjes transforms EeizL�t → Eeizd� . We observe that,
given Y�, the conditional distribution of d� is the compound Poisson distribution with the
characteristic function f (z) = eλ�(fκ (z)−1). Similarly, given X, Y, Y� and {ξ3k, k ∈ Tt }, the
conditional distribution of L�t is the compound Poisson distribution with the characteristic
function f̄ (z) = eλ̄(f̄κ (z)−1). In the proof we exploit the convergence λ̄ → λ� and f̄κ(z) →
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fκ(z). Denote��(z) = eizL�t −eizd� . We shall show below that, for any real z and any realized
value Y� there exists a positive constant c� = c�(z, Y�) such that for every 0 < ε < 0.5 we
have

lim sup
t

|E(��(z)|Y�)| < c�ε. (3.28)

We remark that (3.28) implies E(��(z)|Y�) = o(1). This fact together with the simple
inequality |��(z)| ≤ 2 yields E��(z) = o(1), by Lebesgue’s dominated convergence
theorem. Finally, the identity E��(z) = EeizL�t − Eeizd� implies the desired convergence
EeizL�t → Eeizd� as t → +∞.

Let us fix 0 < ε < 0.5 and prove (3.28). We write

E���(z) = I1 + I2, I1 = E���(z)ID, I2 = E���(z)ID, (3.29)

and observe that |I2| ≤ 2P�(D) = 2P(D) = o(1). Indeed, the bound P(D) = o(1)
follows from (3.14), by Markov’s inequality. Let us estimate I1. Combining the identity
Ē��(z) = Ēf (z)(eδ − 1) with the inequalities |f (z)| ≤ 1 and |es − 1| ≤ |s|e|s|, we obtain

|I1| ≤ E�|δ|e|δ|ID ≤ c�1E�|δ|ID. (3.30)

Here we estimated e|δ| ≤ e6λ� =: c�1 using the inequalities

|δ| ≤ 2λ̄+ 2λ�, λ̄ = Y�t
−1/2A1(Tt ) ≤ 2λ�.

We remark that the last inequality holds, provided that event D occurs. Here and in what
follows c�1, c

�
2, . . . denote positive numbers that do not depend on t .

We complete the proof of (3.28) by showing that E�|δ|ID ≤ (c�2 + c�3λ�+ c�4λ�)ε+
o(1), see also (3.29), (3.30). To this aim we write

δ = (f̄κ(z) − 1)(λ̄− λ�) + (f̄κ(z) − fκ(z))λ�

and estimate |δ| ≤ 2|λ̄−λ�| +λ�|f̄κ(z) − fκ(z)|. The inequality, which holds on the event
D, |λ̄− λ�| ≤ Y�ε implies E�|λ̄− λ�|ID ≤ c�2ε with c�2 := Y�. It remains to show that

E�|f̄κ(z) − fκ(z)|ID ≤ (c�3 + c�4)ε + o(1).

We split

f̄κ(z) − fκ(z) =
∑
r≥0

eizr (p̄r − pr ) = R1 − R2 + R3,

and estimate separately the terms

R1 =
∑
r≥T

eizr p̄r , R2 =
∑
r≥T

eizrpr , R3 =
∑

0≤r<T
eizr (p̄r − pr ).

Here we denote pr = P(κ1 = r).
The upper bound for R2 follows by the choice of T

|R2| ≤
∑
r≥T

pr = P(κ1 ≥ T ) < ε.
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Next, combining the identities p̄r = (A1(Tt ))−1 ∑
k∈Tt k

−1/2XkI{ξ3k=r} and

∑
r≥T

∑
k∈Tt

k−1/2XkI{ξ3k=r} =
∑
k∈Tt

k−1/2XkI{ξ3k≥T }

with the inequality A1(Tt ) ≥ t1/2a1γ1/2, which holds on the event D, we obtain

|R1|ID ≤
∑
r≥T

p̄r ≤ 2

a1γ1t1/2

∑
k∈Tt

Xk

k1/2
I{ξ3k≥T } ≤ 2

a1γ1t1/2

∑
k∈Tt

Xkξ3k

T k1/2
.

Now, the identity E�Xkξ3k = a2b1γ2 implies E�|R1|ID ≤ c�4T
−1 ≤ c�4ε.

Let us estimate R3. We denote p′
r = A1(Tt )(a1γ1t

1/2)−1p̄r and observe that the
inequality |A1(Tt )(a1γ1t

1/2)−1 − 1| ≤ ε, which holds on the event D, implies

|
∑

0≤r≤T
eitr (p̄r − p′

r )|ID ≤ ε
∑

0≤r≤T
p̄r ≤ ε.

In the last inequality we use the fact that the probabilities {p̄r}r≥0 sum to 1. It follows now
that

|R3|ID ≤ ε +
∑

0≤r≤T
|p′
r − pr |. (3.31)

Next we estimate

E�|p′
r − pr | ≤ E�|p′

r − E�p′
r | + |E�p′

r − pr | (3.32)

and

(E�|p′
r − E�p′

r |)2 ≤ E�|p′
r − E�p′

r |2 ≤ (a1γ1t
1/2)−2

∑
k∈Tt

k−1a2 ≤ ct−1a2a
−2
1 , (3.33)

|E�p′
r − pr | = pr |1 − (γ1t

1/2)−1
∑
k∈Tt

k−1/2| ≤ ct−1. (3.34)

In (3.33) we first apply the Cauchy–Schwartz inequality, then the linearity of variance
of a sum of independent random variables, and then the inequality VarXkI{ξ3k=r} ≤
E(XkI{ξ3k=r})

2 ≤ a2. In (3.34) we use the identity E�XkI{ξ3k=r} = a1pr and (3.6). From
(3.32), (3.33), (3.34) we conclude that E�|p′

r − pr | = O(t−1/2). Finally, (3.31) implies

E�|R3|ID ≤ ε +O(|T |t−1/2) = ε + o(1).

�
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3.2. Proof of Theorem 2.2

Here, we assume that τ (t) = tν , ν > 1. In the proof, we apply the following simple
approximations

∑
k∈Tt

k−(1−2ν)/(2ν) = t1/2γ ′
1 + rt (2ν)−1−1,

∑
j∈T ∗

k

j−1/2 = k(2ν)−1
γ ′

2 + r ′k−(2ν)−1
, (3.35)

γ ′
1 : = 2ν(b(2ν)−1 − a(2ν)−1

), γ ′
2 := 2(a−(2ν)−1 − b−(2ν)−1

),

where |r|, |r ′| ≤ c. We also make use of relations (3.7), (3.9), (3.10) and (3.11), which
remain valid in the case where τ (t) = tν , and of the inequalities, for k ∈ Tt ,

|EB1(T ∗
k \ {t}) − b1γ

′
2k

1/(2ν)| ≤ cb1k
−1/(2ν), (3.36)

E|B1(T ∗
k \ {t}) − b1γ

′
2k

1/(2ν)|IBt (ε) ≤ ck1/(2ν)(εb1/2
1 + EY1I{Y1>ε2t−}) + cb1k

−1/(2ν).

(3.37)

We note that (3.36) follows from the second identity of (3.35), and (3.37) is obtained in the
same way as (3.13).

Proof of Theorem 2.2. Before the proof we introduce some notation. Given ε ∈ (0, 1),
denote

ζ =
∑
k∈Tt

λkt ζk, ζk = βkb1XkI
′
k, I

′
k = I{βkb1Xk<ε}, βk = k(1−ν)/(2ν)γ ′

2.

Given X, Y , we generate independent Poisson random variables ηk, ξ̂3k , k ∈ Tt , with
(conditional) mean values Ẽηk = λkt , Ẽξ̂3k = βkb1Xk . We also generate independent
Bernoulli random variables Ĩk , k ∈ Tt with success probabilities

P̃(Ĩk = 1) = 1 − P̃(Ĩk = 0) = ζk

and introduce random variables

L̂3t =
∑
k∈Tt

ηkξ̂3k, L4t =
∑
k∈Tt

Ikξ̂3k, L5t =
∑
k∈Tt

IkI
′
kξ̂3k, L6t =

∑
k∈Tt

Ik Ĩk.

We assume that, given X, Y , the sequences {Ik, k ∈ Tt }, {Ĩk, k ∈ Tt }, {ηk, k ∈ Tt }, {ξ̂3k, k ∈
Tt } are conditionally independent. Furthermore, we define the random variable L7t as
follows. We first generate X, Y . Then, given X, Y , we generate a Poisson random variable
with the conditional mean value ζ . The realized value of the Poisson random variable is
denoted L7t . Thus, we have P(L7t = r) = Ee−ζ ζ r/r!, for r = 0, 1, . . . .

Now we are ready to prove Theorem 2.2. Proceeding in the same way as in the proof
of (3.21), (3.22) above (and making use of (3.7), (3.9), (3.10), (3.11), (3.36), (3.37)) we
show that the random variables d(vt ) and L̂3t have the same asymptotic distribution (if
any). It remains to show that L̂3t converges in distribution to�3. For this purpose we prove
that

dT V (L̂3t , L4t ) = o(1), E(L4t − L5t ) = o(1), dT V (L6t , L7t ) = o(1) (3.38)

and there exists c > 0, depending only on a, b, ν, such that
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dT V (L5t , L6t ) ≤ ca2b
2
1ε. (3.39)

Furthermore, for every real z,

EeizL7t − Eeiz�3 = o(1) (3.40)

(here i denotes the imaginary unit). Clearly, from (3.38), (3.40), (3.39) we obtain that L̂3t

converges in distribution to �3.
Let us prove (3.38), (3.39), (3.40). The first bound of (3.38) is obtained in the same

way as that of (3.21). To show the second bound of (3.38) we write

Ẽ(L4t − L5t ) =
∑
k∈Tt

(1 − I
′
k)ẼIkẼξ̂3k = Ytb1t

−1/2
∑
k∈Tt

(1 − I
′
k)X

2
kβkk

−1/2.

and apply the inequality

EX2
k (1 − I

′
k) ≤ EX2

t (1 − I
′
t ), k ∈ Tt . (3.41)

where t = min{k : k ∈ Tt }. In this way we obtain

E(L4t − L5t ) = EẼ(L4t − L5t ) ≤ Stb
2
1EX2

t (1 − I
′
t ) = o(1).

Here St = t−1/2 ∑
k∈Tt βkk

−1/2 is uniformly bounded, and EX2
t (1 − I

′
t ) = o(1), since

t → +∞ as t → +∞.
Let us prove the third bound of (3.38). In view of (3.4) it suffices to show that

d̃T V (L6t , L7t ) = oP (1). For this purpose we write

d̃T V (L6t , L7t ) ≤ IAt
d̃T V (L6t , L7t ) + IAt

,

where IAt
= oP (1), see (3.10), and estimate using Le Cam’s inequality (3.19)

IAt
d̃T V (L6t , L7t ) ≤ IAt

∑
k∈Tt

P̃2(Ik Ĩk = 1)I′
k ≤ Y 2

t b
2
1t

−1
∑
k∈Tt

k−1β2
kX

4
k = oP (1)

Here we used the simple inequality t−1 ∑
k∈Tt k

−1β2
kX

4
k ≤ ct−2ν ∑

k≤btν X
4
k and the fact

that EX2
1 < ∞ implies the bound n−2 ∑

k≤n X
4
k = oP (1), as n → +∞.

Let us prove (3.39). Proceeding as in (3.24), (3.25) and using the identity Ĩk = ĨkI
′
k

we have

d̃T V (L5t , L6t ) ≤
∑
k∈Tt

I
′
kP̃(Ik �= 0)d̃T V (ξ̂3k, Ĩk).

Next, we estimate I
′
kd̃T V (ξ̂3k, Ĩk) ≤ ζ 2

k , by Le Cam’s inequality (3.19), and invoke the
inequality P̃(Ik �= 0) ≤ λkt . We obtain

d̃T V (L5t , L6t ) ≤
∑
k∈Tt

I
′
kλkt ζ

2
k ≤ ε

∑
k∈Tt

λkt ζk.
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Here we estimated ζ 2
k ≤ εζk . Now, the inequalities

dT V (L5t , L6t ) ≤ Ed̃T V (L5t , L6t ) ≤ ε
∑
k∈Tt

Eλkt ζk ≤ a2b
2
1Stε

and the fact that St is uniformly bounded, i.e., St ≤ c, for some c > 0, imply (3.39).

Finally, we show (3.40). We write ẼeizL7t = eζ (eiz−1) and use the bound

Ytb1a2γ − ζ = oP (1). (3.42)

We note that since the function u → eu(eiz−1) is bounded and uniformly continuous, for
u ≥ 0, relation (3.42) implies the convergence

EeizL7t = Eeζ (eiz−1) → EeYt b1a2γ (eiz−1) = Eeiz�3 .

It remains to prove (3.42). Proceeding as in the proof of the second bound of (3.38) we
obtain

ζ = Ytb1γ
′
2t

−1/2
∑
k∈Tt

X2
kk

(2ν)−1−1 + op (1). (3.43)

Then we split γ = γ ′
1γ

′
2 and invoke the expression for γ ′

1 obtained from (3.35). We obtain

Ytb1a2γ = Ytb1γ
′
2t

−1/2
∑
k∈Tt

k−(1−2ν)/(2ν)a2 + oP (1). (3.44)

Now, we observe that (3.42) follows from (3.43), (3.44) and the bound

t−1/2
∑
k∈Tt

(a2 −X2
k )k

(2ν)−1−1 = oP (1), (3.45)

which is obtained from Chebyshev’s inequality using a truncation argument. �
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