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Impact of Time-Correlated Arrivals
on the Performance of
Backpressure-Based Stochastic
Network Control
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Abstract.  In this paper, we consider backpressure-based control for wireless multihop
networks with time-correlated arrivals. The arrival process considered in this work is
fairly general in the sense that it may exhibit short- or long-range dependence depending
on the asymptotic shape of the autocorrelation function. We first show that the original
backpressure policy stabilizes the network whenever the arrival rate vector is inside the
stability region no matter whether the arrivals are i.i.d. or time-correlated but with
monotonically decreasing autocorrelation functions. Apart from stability, the effect of
correlations appears in the upper bound on average network delay. After that, we move
to the case that the arrival rate vector is possibly outside the stability region. To deal
with such a case, we take the method of joint flow control and backpressure policy that
is known for i.i.d. arrivals to perform arbitrarily close to the utility-optimal throughput
point with a corresponding tradeoff in average network delay. The tradeoff is redefined
for the network with time-correlated arrivals.
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[. Introduction

The stability region of constrained queuing systems was introduced in [Tassiulas
and Ephremides 92]; it is defined as the set of arrival rate vectors for which the
queues in the network reach their steady states. A queuing system is constrained
in the sense that the servers are interdependent, such as in the activation of
links in a wireless network. A maximum throughput policy that supports the
entire stability region except at most at points on the boundary was proposed
in that paper as well. In other words, the stability of the system is achieved
by the discovered policy whenever the arrival rate vector is strictly inside the
stability region, which is often called the throughput optimality. The maximum
throughput policy consists of two parts: maximum differential backlog routing
and max-weight scheduling. Since the policy selects paths dynamically according
to the differential backlog between neighboring nodes (rather than requiring them
to be specified in advance), it is often referred to as backpressure policy. After
the original work of [Tassiulas and Ephremides 92], there has been considerable
effort on its generalization and extension [Neely et al. 05b, Georgiadis et al. 06,
Neely et al. 05a, Neely 06a, Neely 06b, Neely 06c, Le et al. 10, Mekkittikul and
McKeown 98]. A notable achievement concerned the case in which the arrival
rate vector is possibly outside the stability region [Neely et al. 05a, Georgiadis et
al. 06]. This was accomplished by augmenting the backpressure policy with a flow
control mechanism that is designed to maximize network utility [Kelly 97, Kelly
et al. 98, Low and Lapsley 99, Chiang 05, Mo and Walrand 00].

Despite the significance of the original work [Tassiulas and Ephremides 92] and
its extensions [Neely et al. 05b, Georgiadis et al. 06, Neely et al. 05a, Neely 06a,
Neely 06b, Neely 06¢, Le et al. 10, Mekkittikul and McKeown 98] to stochastic
network control, one weakness might be the fact that the results were mostly
derived under the assumption that each arrival process has an independent
and identically distributed (i.i.d.) number of arrivals in each time slot. Sev-
eral measurement-based studies have pointed out, however, that scale-invariant
burstiness, i.e., self-similarity, exists in local- and wide-area networks and Inter-
net traffic [Leland et al. 94, Paxson and Floyd 95, Crovella and Bestavros 97]. A
possible explanation includes heavy-tailed file-size distribution, human interac-
tion, and protocol-level dynamics. It was also shown that variable-bit-rate video
traffic is long-range dependent [Beran et al. 95]. Self-similarity and long-range
dependence are two distinct concepts, and hence one does not necessarily imply
the other. However, when both are viewed at asymptotically large scale, they are
identical [Samorodnitsky 07].

The performance of backpressure-based stochastic network control in multihop
wireless networks with time-correlated arrivals is studied in this paper using the
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Lyapunov drift technique [Tassiulas and Ephremides 92, Neely et al. 05b, Geor-
giadis et al. 06, Neely et al. 05a]. The arrival process considered in this work
is fairly general in the sense that it may exhibit short- or long-range depen-
dence depending on the asymptotic shape of the autocorrelation function. The
cases in which the arrival rate vector is strictly inside and possibly outside the
stability region are considered, and the performance of the backpressure-based
policy is derived separately for both cases, incorporating statistical information
of the arrival processes. To the best of our knowledge, there is no existing work
that takes arrivals that are possibly long-range dependent into the analysis of
backpressure-based control for general multihop networks. In [Neely et al. 05b], it
was shown that the original backpressure policy [Tassiulas and Ephremides 92] is
still throughput optimal with non-i.i.d. behavior of the system including arrivals
and channel states. However, the work considered only the case of an arrival rate
vector that is strictly inside the stability region, and the derived results do not ex-
plicitly contain statistical information of such non-i.i.d. processes, since they use
the fact that the correlations will be eventually averaged out over a sufficiently
long interval. In [Le et al. 09], delay performance of max-weight scheduling was
studied for both single-hop and multihop networks with two-state Markov mod-
ulated arrival processes that are certainly short-range dependent. The arrival
process considered in [Neely 09] is as general as ours but was considered in the
context of maximal scheduling for single-hop networks.

This paper begins with the case in which the arrival rate vector is strictly inside
the stability region. In this case, throughput of each flow is equal to its arrival
rate by stabilization of the network. We show that the network is stabilized
by the backpressure policy no matter whether the arrivals are i.i.d. or time-
correlated. The effect of correlations on the arrivals is quantified in terms of
average network delay in comparison with the i.i.d. arrivals. After that, the
arrival rate vector is allowed to be possibly outside the stability region, and
we use the method of joint flow control and backpressure policy developed in
[Neely et al. 05a, Georgiadis et al. 06]. The joint policy performs arbitrarily
close to the utility-optimal throughput point with a corresponding tradeoff in
average network delay. The effect of correlations on the arrival processes appears
explicitly in the tradeoff, and we make a comparison with that obtained under
ii.d. arrivals.

The rest of the paper is organized as follows. In Section 2, we provide detailed
descriptions of the network model and time-correlated arrivals. In Section 3, we
consider the case that the arrival rate vector is inside the stability region and
present a bound on average network delay under the original backpressure policy.
In Section 4, the case with arbitrary arrival rate vector is considered, and the
tradeoff between network utility and average delay is derived under the joint flow
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Figure 1. Wireless multihop network with multiple input streams and per-

destination queuing.

control and backpressure policy. In both sections, the time-correlated arrivals are
modeled through processes with finite- or infinite-length memory, and the results
are derived separately for each case and compared with each other. Finally, we
draw conclusions in Section 5.

2. Network Model

We consider a time-slotted multihop wireless network with N nodes and L di-
rected links. An example network topology is shown in Figure 1. We denote by
N and L the sets of nodes and links, respectively. Let A, .(t) represent the ex-
ogenously arriving amount of data at node n during time slot ¢ that is destined
to node ¢ in units of bits/slot. At each node, all the exogenous and endogenous
arrivals due to multihop relaying are classified and queued according to their
destinations. We let @Q,, (t) be the backlog of destination-c data that is awaiting
transmission in node n at time slot ¢ in units of bits, and define a(t) 2 (Qn.c(1)).
It is assumed that the system starts with empty queues, i.e., @, (0) = 0 for all
(n,c) pairs. Denote by p;(t) and gy .(t) the transmission rate over link ! dur-
ing time slot ¢ and the amount of rate that is offered to destination-c traffic
among £4(t) in units of bits/slot, respectively. Consequently, >, .(t) < ()
for all . The network is constrained because the transmission rate of each link
depends not only on the time-varying channel state but also on the activation of
the other links. Denote by I'; the feasible region of link transmission rate vector
() 2 (u(t)) at time slot t. In each time slot, a control policy chooses i (t)
from the constrained set I'; and allocates the rate on each link to the traffic of
each destination.
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In this work, the arrival process A, .(t) does not necessarily have to be i.i.d.
but need only be wide-sense stationary (WSS), that is, a process with con-
stant mean \, ., finite variance ‘7721,,(37 and an autocorrelation function p, .(k) £
El(Anc(t) = Anc)(Anc(t — k) — Auo)] /o2 .that depends only on the time lag
between two samples. Denote by H(t) the past history of all arrivals up to
but not including time slot ¢. If there exists a finite number 7' > 0 such that
E[A, (t)|H(t — k)] = M. for k> T, then p, (k) = 0 for k£ > T. Stochastic pro-
cesses that fall in this category are said to have finite-length memory; an i.i.d.
process is a special case with 7' = 0. If there is no such finite T, we further divide
the processes according to the asymptotic shape of the autocorrelation function
Pn.c(k). For most of the stochastic models including autoregressive moving av-
erage processes and Markov modulated processes, the autocorrelation functions
are characterized by an exponential decay, i.e., p, (k) ~ af as k — oo, where
0 < o < 1. The exponential tail of the function implies ), p (k) < co. Stochas-
tic processes belonging to this category are said to be short-range dependent.
The burstiness of the input traffic modeled by a short-range dependent process
would tend to be smoothed by averaging over a long enough time scale. On the
other hand, long-range dependent processes are characterized by a power-law de-
cay of autocorrelation function, p, (k) ~ k™7 as k — oo, where 0 < 8 < 1. As a
result, the autocorrelation function is nonsummable, i.e., Y, p, (k) = 0o, which
implies that while high-lag correlations are individually small, their cumulative
effect gives rise to features that are drastically different from those of short-
range dependent processes [Beran et al. 95]. Examples of long-range dependent
processes are fractional Brownian motion and its discrete-time analogue, frac-
tional Gaussian noise. The degree of self-similarity of a series is expressed using a
single parameter H, called the Hurst parameter. Self-similar processes and long-
range dependent processes are related through the relation H =1 — 3/2; for a
self-similar process with long-range dependence, we have 1/2 < H < 1. Neverthe-
less, these are two different concepts: self-similarity involves all scales, whereas
long-range dependence involves only an asymptotically large scale. Yet, if we are
interested only in steady-state performance measures such as average network
delay, the role of self-similar input traffic is not different from that of long-range
dependent traffic.

3. Network with Stabilizable Arrival Rates

Define Z,, and O,, as the set of incoming and outgoing links of node n, i.e.,
{l:rx(1) =n} and {I:tx(l) =n}, where tx(!) and rx(l) are the transmitting
and receiving nodes of link [, respectively. Then the queue length process at
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Figure 2. Illustration of two-dimensional stability region with arrival rate vector
inside the region.

node n for destination-c data evolves as

Qn,c(t + 1) < max [Qn,C(t> - Z ﬂl,c(t)70:| + Z Ml,c(t) + An,C(t)v (31)
leo, leT,

which is an inequality rather than an equality because the actual endogenous
arrivals may be less than the allocated link rates if the corresponding transmitters
do not have enough data. The reason for (3.1) to contain the max operation is
the same. The stability region A of a system is defined as the set of arrival rate
vectors A 2 (), ) for which all queues in the network are stable by considering
all the policies [Tassiulas and Ephremides 92].! Assuming that the arrival rate
vector is inside the stability region, i.e., T € A, as shown in Figure 2, the exact
throughput equal to the arrival rate is achieved at each flow simply by stabilizing
the network. It is well known that the backpressure policy given in Algorithm 1
stabilizes a network if the arrival rate vector is inside the stability region and
each arrival process has i.i.d. number of arrivals in each time slot [Tassiulas and
Ephremides 92, Georgiadis et al. 06].

Note that the policy lets the maximizing destination-c¢* data use all the rate
allocated to the link. Therefore, in each time slot, py .« (t) = i (t) and gy .(t) =0
for all ¢ # c*.

Before we present the performance of the backpressure policy with time-
correlated arrivals, let us first describe the following constants. Denote by Ay ax

LA queue is said to be stable if it reaches a steady state and does not drift to infinity.
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Algorithm 1. (Backpressure policy.)

1 Differential Backlog Routing/Scheduling: The differential backlog of
destination-c data over link [ is defined as D, .(t) £ Qex(1),c(t) = Qux(1) e (t).
If the link is directly connected to the destination, i.e., rx(l) = ¢, then
Dy (t) & Qix(1),¢(t). The maximum differential backlog over link [ is
obtained as D;(t) = max. D; (), and the maximizing destination-c* data is

chosen for potential transmission over link [.
2 Max-Weight Rate Allocation: The link transmission rate vector ji(t) is
selected from the feasible region I'; to maximize the weighted sum rate as

arg_max ZDZ Y (t),
A(t)er: 1=

where the weight of each link corresponds to the maximum differential
backlog of the link.

the maximum amount of arrivals to any node in any slot, i.e., Y. A, () < Anax.
Further define ;9% and pi%,  as the maximum transmission rates out of, and

into, any node for all time slots as Y=, pu(t) < ponty, and Yo7 pu(t) < iy

max max’

respectively.

Theorem 3.1. If the arrival rate vector N s strictly mtem'or to the stability region
A and there exists a finite integer T > 0 such that E[A,, .(¢)|H(t — k)] = Ay.c for
k > T and for all (n,c) pairs, the backpressure policy stabilizes the network and
guarantees a bounded average queue backlog as

lim sup — ZZE Qn e

1%
t—00 =0 n,c max

<N81 +2 nZ ¢n.,c(T)) :

where
¢rl ,C = " c Z Pn, c + T)\n,c (Uiﬁax + /\n,c)

and By £ (/,LmIX iAde) + ()2 and viay is defined as the mazimum of v
such that )\ +v1 €A, where 1 is a vector whose cardinality is the same as
that of )\ and whose elements are all equal to 1.

Proof. Define L(a(t)) £ 3, @Qn.c(t)? as a Lyapunov function for scalar measure
of the network congestion. From the queuing dynamics in (3.1), it can be verified
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that

Qi1 < Q2 + (X uz,c(t)>2 (Sl + An,cm)Q

€0, l€T,
_ZQH,(’(t)(Z Ml.c Zﬂlc ) +2Qn c( ) nc(t)
€0, lez,

Summing over all (n,c) pairs and taking the conditional expectation given the
—
current queue backlog @ (t) yields the conditional Lyapunov drift satisfying

—

AQ(1) 2 EIL(Q(t+1)) — L(Q(1)| D (¢)]

< NB1 23 Quel0E| 3 () - ¥ 0] T

€0, e,

+237QueE |4, (0] Q1)) (3.2

Note that the control variables on the right-hand side of the drift expression are
link transmission rates g .(t). By simply converting the corresponding terms
containing control variables from node-centric to link-centric expressions, we
obtain the following identity:

Z Qn,c(t)(z /f"l,c(t) - Z M, ( ) Z Z i, c th c(t) - er(l),c(t)) ;

n,c €0, leT,
(3.3)

which reveals the rationale behind the design of the backpressure policy; it is
designed to minimize the right-hand side of (3.2) by maximizing (3.3). The
original proof in [Tassiulas and Ephremides 92] showed that for a sufficiently
large sum of queue backlogs, the right-hand side of (3.2) under the backpressure
policy becomes negative, which corresponds to Forster’s criteria for stability of
irreducible Markov chains [Asmussen 03]. In [Neely et al. 05b, Georgiadis et
al. 06, Neely et al. 05a], the Lyapunov drift technique is extended so that an
explicit upper bound on the sum of average queue backlogs can be obtained that
suffices for the stability proof as well. We follow similar procedures here. Note
that because we are con51der1ng the case )\ € A, there must exist some constant
v > Osuch that A +v 1 € A. From [Georgiadis et al. 06, Corollary 3.9], we know
that there exists a stationary randomized policy that makes decisions based only
on the current channel states and independently of queue backlogs such that

B| S o) = X 0@ 0] = v

€0, leT,
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Since the stationary policy is simply a particular rate allocation policy, the per-
formance under the backpressure policy is no worse than any other policies fol-
lowing the construction of the algorithm. Consequently, we have

A(Z))())<NB1—QZ>\M+VQM H+2YQue®E (40T (1)]-

n,c

(3.4)
In the previous works assuming i.i.d. arrivals, the relation E[A,, .(t)] Q( )= Ane
holds, which simplifies the rest of the analysis. However, if arrivals are correlated,
then @, .(t) is also correlated through the queuing dynamics in (3.1), and A, (t)
and @, (t) are no longer independent of each other. The multislot Lyapunov
drift technique proposed in [Tassiulas 97] and elaborated in [Neely et al. 05b]
can be envisioned; since the technique uses the fact that the non-i.i.d. behavior
of the system would be eventually averaged out over a sufficiently long interval,
the results obtained using this technique do not explicitly contain the correlation
structure of the arrival process. Therefore, we need a somewhat direct approach
as follows. We note from the queuing dynamics that

Qn.c()<an t_ +Z<Z/~Llc t— )+Anc(t_k)>u

€T,
and thus it follows that
ElQu 040 0)] < B[ Quolt = T)A,(0) (35)
T
B[S0 (3 et =10+ A= 1)) )]

k=1 MeZ,

Because all the arrival processes are assumed to have finite memory of length at
most T', we have

E[Que(t = T)Au (0] = B [Quolt = T)E [ A0 (0] Gt - T)]|
= An,cE [ch(t - T)] . (36)
For the remainder of the right-hand side of (3.5), we obtain

{Z(Z pe(t = k) + Ay o (t k)>An,c(t)] (3.7)

leZ,
T
< Uz,c an,C(k) + T e (/nglax + An,c) .
k=1

Plugging (3.6) and (3.7) into the right-hand side of (3.5) yields an upper
bound on E[Q, .(t)A, (t)]. Taking the expectation of (3.4) with respect to the
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distribution of queue backlogs and applying the bound yields an unconditional
Lyapunov drift satisfying

EIL(Q(t+1)) ~ L(Q(1)] < NBy —2 Z(An,c +V)E [Qu (1))

+22)\n CE an t_ +2Z< nczpﬂ(’ +T)"'LC (p’ﬁllax +)‘"1C)>'

Summing the inequality over ¢ € {0,..., M — 1} yields
EIL(Q(M)) — L(Q(0))]

M-1 M-1
SNMB =2) > Me + VE[Que(M]+2 D> Y Mo E[Que(r = T)]
7=0 n,c 7=0 n,c

T
+ QMZ (Ui.c Z Prc (k) + T A c (Miﬁax + )‘n.c)) )
n,c k=1

where E[Q, .(t)] =0 for ¢ < 0. Dividing the above by 2M, rearranging terms,
and using the fact that the system starts with empty queues and the nonnega-
tivity of the Lyapunov function, we obtain

M -1 M -1
MTZMZ A + V) E [Qno(T MTZO;/\,HEQMT— )]

NB d .
< 9 ! + Z (U’rzL,(I Z pn,c(k) + T)\n,c (/inﬁax + /\n,c)> .
k=1

n,c

Taking the limsup as M — o0, noting that

] M-t ] M-t
h]glsup — Z ElQ, (r—T)] = h]glsup — Z E[Qn (1], (3.8)
and optimizing over v yields the result. O

Theorem 3.1 guarantees the stability of the network under the backpressure
policy when the arrival rate vector is inside the stability region and the arrival
processes are time-correlated over a fixed length of interval. This is done by
explicitly showing that the sum of average queue backlogs in the network is
bounded above by some finite number. However, if there is at least one long
memory arrival such that the condition E[A, .(t)|[H(t — k)] = A\, for k> T is
invalidated for any finite integer T, the theorem fails simply because the upper
bound becomes infinite. The arrivals with short-range dependence might be dealt
with similarly to the arrivals with finite memory using the fact that their auto-
correlations decrease exponentially fast as the time-lag increases. The following
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theorem, on the other hand, is applicable for both short-range and long-range
dependent arrivals, since it requires only very mild conditions on the arrival
process such as the monotonicity of its absolute autocorrelation function.

Theorem 3.2. If arrival rate vector N s strictly interior to the stability region A
and the absolute autocorrelation functions |p,.(k)| of the arrival processes are
monotonically decreasing for all (n,c) pairs, the backpressure policy stabilizes
the network and guarantees bounded average queue backlog as

-1
lim sup % Z ZE[Qn,c(T)] < 2(; (NB1 + 2Z¢R,C(T5)>7

t—o00 Vmax — 5)
7=0 n,c n,c

where 0 is an arbitrary constant satisfying 0 < § < vmax and Ty is the minimum
of T such that |E[A,, ()| H(t — k)] — Ay.c| <8 for k> T and for all (n,c) pairs.

Proof. As in the proof of Theorem 3.1, the main difficulty in analyzing the Lya-
punov drift is due to the correlation between @, .(t) and A, .(t). Assume that
¢ and corresponding Tj are chosen such that the conditions described in the
theorem are met. Then for T > Ty, we have

B(Quolt - T) Ay ()] = E[Qu ot - T)E[4,. 0] Gt~ 1)
< (Ane +OE[Qn o(t —T)]

for all (n,c) pairs, and inequality (3.7) holds for every T > 0. Therefore, the
unconditional Lyapunov drift satisfies

—

E[L(Q(t+1)) - L(Q(1))]
SNB =2 e +VE[Que®)]+2> (Ane + O E[Qno(t —T)]

n,c

T
+2y <JZ,C S k) + Ty e (it + An,c)>
n,c k=1

for T' > Ts. The rest of the proof is identical to that of Theorem 3.1. O

Theorem 3.2 can be applied to the network containing any long memory ar-
rivals but with absolute autocorrelation functions that are monotonically de-
creasing. It is expected that long-range dependent arrivals would induce longer
T satisfying the condition when compared to short-range dependent arrivals due
to the hyperbolic shape of the autocorrelation function. Once the autocorrelation
functions are given, one can compute Ty deterministically. From Theorems 3.1
and 3.2, we know that the backpressure policy stabilizes the network whenever
the arrival rate vector is inside the stability region no matter whether the arrival
processes are i.i.d. or time-correlated. Specifically, in Theorem 3.1, the upper
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bound on the sum of average queue backlogs is always finite whenever vy, > 0,
which corresponds to the condition that the arrival rate vector is strictly inside
the stability region. In Theorem 3.2, there must exist § such that 0 < § < vy ax
because vy, > 0 and Ty must be finite given §, because the autocorrelation func-
tions are assumed to be monotonically decreasing. Therefore, the upper bound on
the sum of average queue backlogs is always finite. Note that in case of i.i.d. ar-
rivals, the upper bound is given by N By /2vp.x [Georgiadis et al. 06]. Thus, apart
from the stability issue, the upper bound on average network delay will increase
when arrivals are time-correlated, because the average network delay is propor-
tional to the average network backlog by Little’s law [Bertsekas and Gallager 92].

4. Network with Arbitrary Arrival Rates

In this section, we consider an arrival rate vector T that is possibly outside the
stability region A, as shown in Figure 3. If A ¢ A, the network will certainly
be unstable with any policy unless we have a set of flow controllers in front
of queues as shown in Figure 4. Denote by R, .(t) the amount of data that is
admitted into the network by the flow controller at time slot ¢ and define 7, . £
limy o0 T SN E[R,..(7)]. The role of flow controllers is to choose R, .(t)(<
A, () in each time slot such that the average admission rate vector T = (rn.c)
lies inside the stability region. In that case, the stability of the network can be
achieved by the backpressure policy in Algorithm 1 by stabilizing queues in the

e

max

it : 4

max

Figure 3. Illustration of e-stripped stability region A, with arrival rate vector
outside the stability region A.
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Figure 4. A queuing model with flow controller.

network that are now evolving as

Qn,c(t + ]-) S max |:Qn,c(t) - Z ,U/l,c(t)70:| + Z /Jl,c(t) + Rn,c(t)7
€0, I€Z,
where the exogenous arrival A, .(t) is replaced by R, .(t) from (3.1).

The flow controllers need to be designed in some optimum way that is equiv-
alent to the question of which point on the stability region A is to be achieved.
This is usually done by assigning a utility to each flow that is a measure of
relative satisfaction and maximizing the total network utility as in [Kelly 97,
Kelly et al. 98, Low and Lapsley 99, Chiang 05, Mo and Walrand 00]:

maximize Z Un,c (Tn,(:)

n,c

subject tor € A, 0 <7, < \ye, ¥(n,c), (4.1)

where U, .(-) is the utility function associated with the input stream described
by an (n,c) pair. The first constraint in the formulation states that the average
admitted rate vector must be stabilizable, and the next set of constraints state
that the admission rate of each stream must not exceed its incoming rate. Those
constraints are automatically met under any policy that stabilizes the network.
It is widely assumed that utility functions are strictly concave, nondecreasing,
and continuously differentiable on the positive real axis. As a result, the first
derivative of the utility function is monotonically decreasing with maximum at
r = 0. We assume that the maximum is bounded by some finite value 6, ..> It
is further assumed that the aggregate utility obtained at any node for possibly
multiple input streams is bounded by some finite value Uy, .

In [Georgiadis et al. 06, Neely et al. 05a], the Lyapunov drift technique was used
to attain both stability and performance optimization simultaneously, and the
resulting joint flow control and backpressure policy were shown for i.i.d. arrivals
to come arbitrarily close to the optimal solution of (4.1) with a corresponding
tradeoff in average network delay.

2For example, Uy, (r) = log(1 + r) satisfies the assumption but not U, .(r) = log(r), which
is a matter of choice.
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Theorem 4.1. If there exists a finite integer T > 0 such that E[A, . (¢t)|H(t — k)] =
An.e for k > T and for all (n, ¢) pairs, then the joint flow control and backpressure
policy stabilizes the network and yields bounds on the time average queue backlog
as

lim sup — Z ZE Qn.c(

(NBQ + VNUnax +2) %(T))
t—o0 max

7=0 n,c n,c

and network utility as

htnigolf Unrrnr >ZU77(’ 71(’ V(NB2+22¢17( >

n,c n,c

where Ty, ¢ (t) £ % Zi;lo E[R, ()] and

’(/}n c {an c Z Pn, c + T)\n,c (Miﬁdx + )‘n,c) }7

and By £ By + 242, Amax is the largest scalar such that (Anax) € A, and (v}, )
is the utility-optimal rate allocation vector.

Algorithm 2. (Joint flow control and backpressure policy.)

1 Flow Control: For every time slot and for each input stream (n, ¢), observe
Qn.c(t) and Y, .(t) and choose

Aﬂ C t .f Yn (& t Z n,c t b
po ) = [P V)2 Quclt)
0, otherwise,
where Y, .(t) is updated according to
anﬁc(t + 1) = max [Yn,c(t) R,, c( ) 0} + Ve (t) (42)

which is called the virtual flow state queue, in which we set v, .(t) = Vn.c,
where 7, . is the solution to

maximize VU, (n.c) —2Yn.c(€)Vn.c
subject to 0 < Tn,c < Amaxz (43)

where V' > 0 is a design parameter that affects the utility—delay tradeoff of
the algorithm.

2 Routing/scheduling and resource allocation are performed as in
Algorithm 1.
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Proof. We begin by noting that problem (4.1) is equivalent to the problem of max-
imizing 3, . Uy c(7n,c) with the additional set of constraints 0 <, . < 7, . for
all (n,c) pairs, because utility functions are nondecreasing. The constraints are
satisfied by stabilizing the virtual flow state queues in (4.2).> Define L(@(t)) =
> one(@Qnc(t)* + Y, (t)?) as a Lyapunov function whose conditional drift is de-
scribed as

A(B () 2 E[L(6(t+1)) - L(6(1)|6 (¢)],

where ©(t) £ [6(25), 7(15)] With the drift computation details omitted for
brevity, the conditional Lyapunov drift can be shown to satisfy

AB®) =V E [Unelne(®) | 81)] (4.4)
<NBy =2 Qu.(t)E [Z pre(t) = D e(t) | 5(@]
n,c 1€0,, €T,

+237 (Quelt) = Yao (1) B[R c(t) | 8(1)]
+2) VOB (10018 0)] = VI B U 0) B8]

where the optimization metric V') . E[Un,,n(fy"_’c(t))\é)(t)] was subtracted on
both sides. It is apparent that the joint flow control and backpressure policy in
Algorithm 2 is designed to minimize the right-hand side of (4.4) among all other
policies.

Define for some € > 0, A, £ {7|7 + €1 € A} and let (r); .(€)) be the optimal
solution to (4.1) with the reduced stability region A.. From [Georgiadis et al. 06,
Corollary 3.9], we know that there exists a stationary randomized policy that
makes decisions based only on the current channel states and independent of
queue backlogs, so that

B et = melt)

lGOn le1,

G(t)| =7 () +e

for all (n, c) pairs. We further fix v, . (t) to r;, .(e) for all  and consider a random-
ized policy for R, .(t) such that R, .(t) = A, .(t) with probability 7, .(€)/A .

and R, .(t) = 0 with probability 1 — 7 .(€)/\, .. Because the joint flow control

n,c

3The virtual queues were originally introduced in [Neely et al. 05a], and they are often used
to ensure long-term average constraints.
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and backpressure policy in Algorithm 2 outperforms any other policy follow-
ing from the construction of the algorithm, the conditional Lyapunov drift
satisfies

B vZE (U (0)) 1 B0)] -
<NB2_2Z +€)an<)

+2Z A,“ Q“ = “(t))E[An,c(t)la(t)}

n,c

+QZTrL( 7L(, ) _VZU”'C (T;’c(e))

n,c

Note that because the arrivals are time-correlated, A, .(t) is not independent
with @, .(t) and Y, .(¢) and, thus, we take a similar approach as the one used
in the previous section. From the proof of Theorem 3.1, we know that

T
E[Qn,C(t)An,C(t)} < )‘n,cE [Qn,C(t - T)] + UTZI,C an,C(k) + T)‘n.,c (:u’inrllax + )‘n,C) :

(4.6)
Furthermore, from (4.2), we note that
T T
Yn,c<)>Ynct_ ZRnc k)‘*’Z%c(t—
k=1 k=1
and thus it follows that
EY, (t)A, (1] (4.7)

> E [Yn c( - T)An,c(t)] ) [Z Rn,c(t - kj)Amc(t):|

T
HE D et —k)A, o (t)
k=1

r* T
€
- )\IL (,E[ !L(,(t_T)} - 71 C( < szn c +TA?L(> —‘rTT’” (( ))\n.c
k=1
r* 2

= )\n,cE [Yn,c(t - T)} n C n an c

n,c

Taking the expectation of (4.5) with respect to the distribution of 6(75) and
applying the inequalities (4.6) and (4.7) yields an unconditional Lyapunov drift
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satisfying

E[L(B(t+1) = LB 1) = VY E [Une (e (t)] (4.8)

n,c

<NB; — 22 (7"27@(5) + 6) E[Qn,n(t)]

4nz{m E[Que(t—T)]

*

T
n ( n . Z Pn, ( + TT:L.C(E) (.uigax + )\n,,n)}

_QZ{nC (t—T)]—(nC 0'7Lc> anc }
+2ZT"‘C € n(‘ VZUWF n(’

Summing the inequalities over ¢ € {0,..., M — 1}, dividing by M, and taking
the limit as M — oo results in

M -1

=V Jm, 57 3 3 Bl )
1 Ml
< - im —
< NB, QGA}ILHOO i ; ;E[QW,P(T)]

* 2
+2Z{< (T)\ ) ) manc +Tr:;,()(ui§3x+>\n,c)}

n,c

‘VZMMMAW,

n,c

N
where we used the fact that the system starts with empty queues, i.e., L(©(0)) =
0, the nonnegativity of the Lyapunov function, the lim version of identity (3.8),
and the fact that
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Rearranging (4.9) and dividing by 2¢, we have

M-1
1
gm ; ; EQn c(7)] (4.11)
T
NBy + VNUpax 1 ,
< 5 + = ;{2%6 ; P (k) + T e (12 + Ane) }

where we used the fact that r;; .(¢)/A, .. < 1 and the nonnegativity of the utility
function. Rearranging (4.9) dlﬂ?erently7 dividing by V', and using 7;; .(€)/An.c <1
and the nonnegativity of queue backlogs yields

M-1

. NB,
]\}linoo M ;} ;E n,c ’771 C ))] Z ; UTL-,C (Tn.c(e)) - V (412)
2 d |
- V {20-7217(; Z an(k) + T)\TL,C (/’l’illidx + )‘n7(:) } .
n,c k=1

Applying Jensen’s inequality based on the concavity of the utility functions, we
have
M-1 M-1

MZE U O] < U (57 > Bt ).

On the other hand, we can show that virtual flow queues Y, .(t) are always stable
under the joint flow control and backpressure policy, implying 7, .(t) <7, c(t),
which are the time averages up to slot ¢. The stability of the virtual queues can
be established via a simple argument. Suppose that Y;, .(t) > %VHH -, Where 6,
is the bound on the first derivative of U, .. Then the solution to (4.3) is always
Yn.e = 0 until Y, .(¢) drops below %V@mc. Suppose now that Y, .(¢) < %V@mc.
Then the virtual queue can grow at most by Ap,.., but after that, it cannot grow
further, because Y, (t) exceeds %Vﬁmc. Therefore, the virtual queue Y, .(¢) is
always bounded below %V(‘)nx + Apax- Finally, noting that taking limsup or
liminf instead of lim does not change the results because the inequality (4.8)
holds for all ¢t and optimizing € for (4.11) and (4.12) separately over (0, Amax]
completes the proof. O

Theorem 4.1 shows that the joint flow control and backpressure policy stabi-
lizes the network even when the arrival rate vector is outside the stability region
and the arrival processes are time-correlated over a fixed length of interval. The
theorem also shows that the joint policy yields an admission rate vector that
is arbitrarily close to the utility-optimal operating point with a corresponding
tradeoff in average network delay, where the parameter V' enables us to exploit
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the tradeoff. We now proceed to a general case in which arrivals may have mem-
ory of infinite length, such as short- and long-range dependent processes.

Theorem 4.2. If the absolute autocorrelation functions |pn. (k)| of the arrival pro-
cesses are monotonically decreasing for all (n, c) pairs, then the joint flow control
and backpressure policy stabilizes the network and yields bounds on the time-
average queue backlog as

lim sup % 2 Z E[Qn,.(7)]

t—o0
7=0 n,c

1
S e —— (N32 +VNUpax + V36 nz On.c +2 nz Yo (T5) + 20N Amx)

and network utility as

llgglf Z Un?(: (f'n,(l (t))

2 Z Un,c (T:FL.’C) - 52 971,,0 - % (NBQ + 2 Z 77bn,c (Té) + 26NAmax) )

n,c n,c

where § is an arbitrary constant satisfying 0 < 0 < Amax and T is the minimum
of T such that |E[A,, (t)|H(t — k)] — .| <8 for k> T and for all (n,c) pairs.

Proof. As in the proof of Theorem 4.1, the main difficulty in analyzing the drift
expression in (4.5) is due to the correlations between @, .(t) and A, .(t) and
between Y, .(t) and A, .(t). Assume that § and T; are chosen such that the
conditions described in the theorem are met. Then for T > Ty, we have

E[Qnﬁ(:(t)An,c (t)] (413)

T
< (e +O)E[Qn . (t—T)] + ‘7721,,(: anm(k) +TAnc (/‘E}m + /\nm)
k=1

and

f ()02 &
E [Yn,C(t)An,C(t)] 2 ()‘n,c - 5)E [YH,C(t - T)} - # an,C(k)- (4~14)
e k=1

Taking the expectation of (4.5) with respect to the distribution of 6(t) and
applying the inequalities (4.13) and (4.14) yields an unconditional Lyapunov
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drift satisfying

E[L(é)(t +1)) - — VZE [Un.c(Vn.c(t))]

<NBy =2 (r (6) +€) E[Qu.c(1)]

n,c

(4.15)

2 Z{ ( el A(G)Cs) (Quelt—T)]

*
77,(’

T
/ o2, S e (k) + Ty o(€) (2 + AW)}
n,,c el

—zz{u >< sy
+2Zrn[ VZUM el 7

n,c

n,c

Summing the inequalities over time slots ¢ € {0

y.o., M — 1}, dividing by M, and
taking the limit as M — oo results in
M-1
_VA}ILDOOM Z) ZE e (Ve (T))] (4.16)
M-1
SNB2_2<€_ }ILHOOMZOZEan
M-1
+ 26 hm — ZZE e
7=0 n,c

T
+ 2 Z{ngw Z Pn.C(k) +TAp e (Uiﬁax + An.ﬁ)}
n,c k=1
— VZ Un.c (r;c(e)) ,
n,c

where we used the fact that the system starts with empty queues, r’ .(€)/A,.. <

1, the nonnegativity of the Lyapunov function, and the lim versions of iden-
tities (3.8) and (4.10). Rearranging terms, dividing by 2(e — J), and using the
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nonnegativity of the utility function, we obtain

M -1

Jim Z > E[Qn. (4.17)

7=0 n,c

T
NBQ —+ VNUmax 1 2 in
ST o) = Z{QU"’C ;;”7“”(@ + T (pmax + AW)}

n,c

M—-1

€—(5\I~>OCMZZE nr'

7=0 n,c

Rearranging (4.16) differently, dividing by V', and using the nonnegativity of the
queue backlogs, we have

M—1
A}linoo M TZO ;E n,c 77L ¢ ))] (418)
NB .
= Z U"’C (TT*L:C(GD - v 2= { On,e an ¢ + T/\nﬁ(: (Miﬁax + )‘n,C)}
n,c b1
M -1
_7A}1L11°CM7ZO;E 7L(

The rest of the proof follows closely that of Theorem 4.1, and the result is
obtained by optimizing e for (4.17) and (4.18) separately over (0, Ayax] and using
the fact that Y, .(¢) is always bounded below %V@nﬂc 4+ Amax from the proof of
Theorem 4.1. Finally, note that because inequality (4.15) holds for all ¢, taking
lim sup or liminf instead of lim does not change the results. O

In the case of i.i.d. arrivals, it was shown that the sum of average queue
backlogs is at most (NBy + VNUpax)/2 max and the achieved network utility
is at worst NBy/V apart from the value at the utility-optimal operating point
[Neely et al. 05a]. Therefore, the additional terms in the tradeoff of network
utility and sum of average queue backlog in Theorems 4.1 and 4.2 can be viewed
as a penalty due to the correlations on the arrival processes. In Theorem 4.1,
we needed to increase V' to achieve performance that is arbitrarily close to that
of the optimal utility value with a corresponding increase in the sum of average
queue backlogs. In the case of Theorem 4.2, as V' goes to infinity, the achieved
network utility approaches a point that is at most § >, . 6, . from the optimal
network utility.

n,c
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5. Concluding Remarks

The performance of backpressure-based stochastic network controls in multihop
wireless networks with time-correlated arrivals was studied using the Lyapunov
drift technique. The impact of input correlations is reflected in the upper bound
on the average network delay when the arrival rate vector is inside the stability
region and the tradeoff between the average network delay and utility when the
arrival rate vector is possibly outside the stability region. To handle the Lya-
punov drift with correlated terms, we first expressed the evolution of the system
dynamics over multiple slots and used the fact that the conditional expectation
of the arrival process given the past history falls within arbitrarily small constant
range around its unconditional expectation if the time-lag between the arrival
process and the past history becomes sufficiently large. This is true for both finite
memory and infinite memory arrivals with monotonically decreasing autocorrela-
tion functions. On the other hand, a usual sum-of-queue-squares-type Lyapunov
function was used in which no cross-terms between different links are emerg-
ing. Therefore, in order to incorporate the explicit form of the cross-correlation
between the different links, one must modify the Lyapunov function.
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