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Crawling on Simple Models
of Web Graphs

Colin Cooper and Alan Frieze

Abstract.  We consider the problem of searching a randomly growing graph by a random
walk. In particular we consider two simple models of “web-graphs.” Thus at each time
step a new vertex is added and it is connected to the current graph by randomly chosen
edges. At the same time a “spider” S makes a number of steps of a random walk on
the current graph. The parameter we consider is the expected proportion of vertices
that have been visited by S up to time ¢.

[. Introduction

At the present moment, there is considerable ongoing research into the structure
of large-scale real networks, and in modeling these networks as the outcomes of
discrete random processes. A general introduction to this topic can be found in
Hayes [Hoeffding 63] or Watts [Watts 99]. In particular, there is a strong interest
in the structure of the Internet and World Wide Web (WWW). Experimental
studies by, Albert, Barabasi, and Jeong [Albert et al. 99]; Broder et al. [Broder
et al. 00]; and Faloutsos, Faloutsos, and Faloutsos [Faloutsos et al. 99] of
the structure of the WWW have demonstrated an inverse power law for the
proportion of vertices with a given degree.

To model such structures, we require a graph process which (a) evolves ran-
domly by the addition of new vertices and/or edges at each time step ¢, and (b)
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whose proportional degree sequence follows a power law. Thus the proportion
dy, of vertices of degree satisfies di, ~ Ck™", as k — oo, where x is a constant.
Such random graph processes are often referred to as web graphs, or scale-free
graphs.

We can also define graph processes, which we refer to as random graph processes,
in which the proportional degree sequence is similar to the degree sequence of
the traditional models of random graphs introduced by Erd8s and Rényi [Erdés
and Rényi 59|, [Erdés and Rényi 60]. Thus, in a random graph process, the
proportion of vertices of a given degree is Poisson distributed, and the degree
sequence drops off exponentially fast in the upper tail.

There are many models of graph processes designed to capture various
aspects of the structure of the WWW found in the studies given above. See
for example [Achlioptas et al. 01], [Adler and Mitzenmacher 01], [Aiello et al.
0la], [Aiello et al. 01b], [Albert et al. 99], [Barabassi et al. 99], [Barabassi and
Albert 99], [Bollobés and Riordan 01], [Bollobds and Riordan to appear], [Bol-
lobas and Riordan 02], [Bollobds and Riordan 03], [Buckley and Osthus 01],
[Cooper and Frieze 01], [Chung and Lu to appear|, [Chung and Lu 02], [Drinea
et al. 01], [Henzinger et al. 99], [Kumar et al. 00a], [Kumar et al. 00b], and [Lu
01]. A recent survey by Bollobds and Riordan [Bollobds and Riordan 02] gives
an excellent overview of the topic and many detailed structural results.

We consider a simple model of search, in which a particle (which we call a
spider) makes a random walk on the nodes of an undirected graph process. It
is presumed that the spider examines the data content of the nodes for some
specific topic. As the spider is walking, the graph is growing, and the spider
makes a random transition to whatever neighbours are available at the time.
For simplicity, we assume that the growth rate of the process and the transition
rate of the random walk are similar, so that the spider has at least a chance of
crawling a constant proportion of the process.

We study the success of the spider’s search on comparable graph processes of
two distinct types: a random graph process and a web graph process. In the
simple process we consider, each new vertex directs m edges toward existing
vertices, either choosing vertices randomly (giving a random graph process) or
copying according to vertex degree (giving a web graph process). Once a vertex
has been added, the direction of the edges is ignored.

Our results are given in Theorems 1.1 and 1.2 below. Our main result is the
following: For the random graph process, the expected proportion of unvisited
vertices tends to 0.57. For the comparable web graph process, the expected
proportion of unvisited vertices tends to 0.59.

There are several types of search which are appropriate to the WWW. Com-
plete searches of the web, usually in a breadth first manner, are carried out by
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search engines such as Google [Brin and Page 98]. Link and page data for visited
pages is stored, and from the link data an undirected model of the WWW can be
constructed. This model may be entirely replaced when a new search is made at
a future time period or may be continously updated by a continuously ongoing
search. Such processes require considerable online and offline memory.

Another possibility, using a single processor, is a search by an agent which
examines the semantic content of nodes for some specific topic. This type of
search can be made directly on the WWW or on the model of the WWW stored
by a search engine. Typical search strategies might include: moving to a random
neighbour (sampling pages for content), selecting a random neighbour of large
degree (locating the hub/authority vertices of the search topic), or selecting a
random neighbour of low degree (favouring the discovery of newer vertices during
the search).

Although the edges of a typical WWW graph are directed, the idea of evalu-
ating models of search on an undirected process has many attractions, not least
its simplicity. Examples which support the use of an undirected model are as
follows.

The Google search engine [Brin and Page 98] holds a partial model of the
WWW which it is continuously updating. Once a node is added to the search
engine database, a list is maintained of pages in the database which point to this
node. For a given node with url PageUrl, these links can be found by entering
the link:PageUrl query to Google. Thus the model of the WWW held by this
search engine is equivalent to an undirected web graph. This information is used
by Google to compute the page rank of a vertex. The page ranking is based on
a weighted union of all directed paths leading to the vertex.

Finally, we remark that unless the web graph is strongly connected, a random
walk on the directed edges soon becomes stuck at a vertex of out-degree zero.
Modifications of the random walk approach which do not suffer from this defect
have been studied by [Fagin et al. 00].

We then give a precise definition of the abstract scenario we consider in this
paper. We have a sequence (G(¢),t = 1,2, ...) of connected random graphs. The
graph G(t) is constructed from G(t — 1) by adding the vertex ¢, and m random
edges from vertex t to G(t — 1). We refer to such graphs as web graphs.

There is also a spider S walking randomly from vertex to vertex on the evolving
graph G(t). The parameter v; we estimate is the expected number of vertices
which have not been visited by the spider at step ¢, when ¢ is large. This process
is intended to model the success of a search-engine spider which is randomly
crawling the World Wide Web looking for new web pages.

We consider the following models for the graph process G(t). Let m > 1
be a fixed integer. Let [t|] = {1,...,t} and let G(1) C G(2) C --- C G(?).
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Initially, G(1) consists of a single vertex 1 plus m loops. For t > 2, G(t) is
obtained from G(t — 1) by adding the vertex ¢ and m randomly chosen edges
{t,v;},i =1,2,...,m, where

Model I. The vertices vy, vs,.. ., v, are chosen independently and uniformly with
replacement from [t — 1].

Model 2. The vertices vy, vs,...,v,, are chosen proportional to their degree after
step t — 1. Thus, if d(v,7) denotes the degree of vertex v in G(7), then for
veft—1andi=1,2,...,m,

d(v,t —1)
Pr(v, =v) = mE—1)

While vertex ¢ is being added, the spider S is sitting at some vertex X;_; of
G(t—1). After the addition of vertex ¢, and before the beginning of step ¢t+1, the
spider now makes a random walk of length ¢, where ¢ is a fixed positive integer
independent of ¢.

It seems unlikely that at time ¢, S will have visited every vertex. Let g, (¢)
denote the expected number of vertices not visited by S at the end of step ¢.

We will prove the following theorem:

Theorem 1.I. In either model, if m is sufficiently large, then as t — oo,

t t L
vem(®) ~E Y]] (1 — % (1+0 (%))) . (1.1)

s=1T1=s

We have said that m is fixed. We however have to accept errors of order 1/m
and so in our asympotics, we let ¢ — oo first and then take m large.
Let

t
Ne,m = lim vem(?) )
’ t—o00 t

We will show that this gives the following limiting results for the models we
consider.

Theorem 1.2. Let ng = limyy,—s00 e,m, then

(a) For Model 1,
2 (e+22/a0 [T -y
Ne = Ze e dy.
(e+2)/V2E
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In particular, my = 0.57--+, and ng ~ 2/£ as £ — oo.
(b) For Model 2,

Ne = 62242/ y eV dy.
¢

In particular, n1 = 0.59---, and ng ~ 2/£ as £ — co.

Thus, for large m,t and ¢ = 1, it is slightly more difficult for the spider to
crawl on a web graph whose edges are generated by a copying process (Model 2)
than on a uniform choice random graph (Model 1).

2. Proof of Theorem I.I: The Main Ideas

We first consider the case where ¢ = 1 and then generalise this case. When ¢ = 1,
the spider makes a random move to an adjacent vertex after vertex ¢ has been
added. The construction of G(t) is really the construction of a digraph D(t)
where the direction of the arcs (z,y) satisfies x > y. The space G(t) of graphs
G(t) induces its measure from this space of digraphs.

Let Q(t) denote the set of pairs (G(t), W(t)) where G(t) € G(t) and W (t) be-
longs to the set W¢ (t) of t-step walks taken by the spider S which are compatible
with the construction of G. Among other things, this means that the 7-th vertex
of G(t) visited by the walk must be in [7].

The main idea of the proof is as follows. We fix a vertex s and estimate the
probability that it is not visited by the end of step t. Thus, for s < 7 < ¢, we
define the events

A (1) = {w € Q(t): Vertex s is not visited by S during the time interval [s, 7]}.

Let
to =t —100(Int)>.

It is convenient to condition on the sequence d(s,7) for 7 = s,s +1,...,%9. Let
0 =(0,: 1 <71 <tp) be integers satisfying

Op=--=0,=m<0, <0; <A =10(Int)® and 0,1 <0, +5 for 7 < to
(2.1)
and let ® = {6: (2.1) holds}.
Let
D(0) = {(G(1), W(t)) € Q(t) = d(s,7) = 0, s <7 < 1},

and for some event C, let Prg(C) = Pr(C | D(0)) be the probability of the
corresponding conditional event.
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We will show

Lemma 2.1. In both Model 1 and Model 2,

Pr(| ) D(0) =1-0(*)"

6cO

Let
Int

~ 100InInt

oo
and let
B, ={s € [t/Int,t]: sis within distance og of a cycle of length at most o¢}.

Let
Gi(t) = {G(t) : |Bi| <t/%}.

We will prove that

lemma 2.2. If 6 € ©, then, in both Model 1 and Model 2,

Pro(G(t) € Gi(t) = o(t™).

We then prove

Lemma 23. If s € [t/Int,t), s ¢ B, and 6 € ©, then

(a) Pro(A.(t) | At - 1)) = 2%0 (140 (L)) + 0(t~*)Pro(Au(t — 1)),

(b) Pro(As(s)) =1—0(s1).

(We condition on 6 in order to avoid some conditioning of the degree d(s,tg) due
to assuming A;(¢o).)

From this, we prove Theorem 1.1 as follows: If @ € @ and s € [t/Int,t], s ¢ By,
then

Pro(A,(t)) = (1 _ 29%

(1+0 (%))) Pro(As(t — 1)) + O(t7).

1The O notation ignores polylog factors.
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We see then that if & € @ and s € [t/Int,t), s ¢ B; and if 70 = 7 — 100(Int)3,

Pro(A() = ] (1_ oo (1+0(%))) (2.2)
T=s5+1

= JI (1—2797; (1+O(#))). (2.3)
T=s+1

Note that we can go from (2.2) to (2.3) because 0, = 0., except for at most
100(Int)3>A} instances.
Thus, absorbing the cases where 6 ¢ © into the error term, (see Lemma 2.1),

summing out the conditional probabilities over degree sequences, we get that for
s€t/Int,t), s¢ By

Pria) = L Pe00) [[ (1= (1+0(3))
1

_ ETEAO—dQ(ST’:)(l—FO(%))).

Note that the contribution of s € [1,¢/Int] U B, to the expectation vp ., (¢) can
only be o(t) and Theorem (1.1) follows. O

3. Proof of Theorem I.I: The Details

We emphasise that s > t/logt throughout and that m is a sufficiently large
constant.

3.1 Proof of Lemma 2.1: Model |
The degree d(s,t) of vertex s in G(t) is distributed as
m+ B(m,(s+1)7!) + -+ B(m,t™ ") (3.1)

where the binomials B(m, -) are independent.

Lemma 3.1.
(a) Pr(A(G(t)) > 2mInt) = O(t~3) where A(G(t)) is the mazimum degree
in G(t).

(b) Pr(37: d(s,7+1)—d(s,7) >5) = O(t™%).
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Proof. E (d(s,t)) = m(1+ H, — Hy) < m(2+1nt/s) where Hy =1+ 4+ + 1.
(a) now follows from Theorem 1 of Hoeffding [Hoeffding 63]. (b) is easy, since
d(s,7+1) —d(s,7) = B(m,771%). O

3.2.  Proof of Lemma 2.1: Model 2

Lemma 3.2.
(a) Pr(d(s,t) > 10(Int)5) = O(t~3).

(b) Pr(37: d(s,7+1) —d(s,7) >5) = O(t™3).

Proof. (a) In order to get a crude upper bound on d(s,t), we divide the inter-
val [s, ] into subintervals using the points (nearest to) s, se'/®,...se™/®, ..., seF/8,
Here, setk—1/8 <« ¢ < [sek/sl, so that k < 8lnlnt, as s > t/Int.

Suppose that, at the start of I, = ([se”/8], [se("*1)/8]], we have an upper
bound d(r) on the degree of vertex s. We prove that if d(r) > 10Int, then
d(r + 1) < 2d(r) with probability 1 — o(t™3).

Now as long as the degree of s is < 2d(r), the number X of edges acquired at
step 7 € I, is dominated by B(m,d(r)/(m(r —1))), so that the number of edges
gained during this time has expected value

< 2d(r)lnel/8 = @

Thus, by Chernoff bounds, provided d(r) > 101nt,

Pr(d(r +1) > 2d(r)) < Pr (Z B(m,d(r)/(m(r —1))) = d(?‘))

T€l,

< (5" =

and thus, d(r 4+ 1) < 2d(r) with probability 1 — o(t~3). Choosing d(0) = 101Int,
we see that
d(s,t) < d(0)2F < d(0)(Int)* = 10(Int)".

This proves (a). For (b), we use (a) and the fact that d(s,7 + 1) — d(s,7) can
then be dominated by B(10(Int)3, (2m7)~1). O
3.3, Proof of Lemma 2.2: Model |

Proof. Fix ¢/Int < i3 < --- < i5 < t and let I = {i1,...,i5}. We estimate
Pr(I C B;). For each partition P of I into parts Ay, ..., Ag, we consider the
event
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Ep ={3 small cycles C1,...,Cy and paths P,,v € I such that
(i) |Csl, | Py] < o9 for all i,v.
(i) If v € A;, then P, joins v to C; U P,;
(iii) P, is edge disjoint from and shares one (endpoint) vertex with
c;uly P,;

(iv) The k collections C;, P,,v € A; are pair-wise vertex disjoint.  }

wEA; ,w<v

wEA; , w<v

Thus, {I C B} € Jp Ep and

Z H max{a: v} (32)

Cl, 7Ck: (z,y)EF*
P,,vel
where F* denotes the edge set of (JC; UlJ Py. The term —— is a bound on
the probability of the existence of edge (z,y) given the appearance or absence
of other edges, not incident with max{z,y}.
Thus ,

5 m
Z
r=1" 3<|C;|<o0 0<\P \<00 veV*

i=1,...,k

where V* denotes the vertex set of |JC; UJ Py, less I,
mint\® L (< m !
() s ()

=1 \v=1
o(t™).

Thus,

and

E( (1B
Pr(|B;| > t7/%) < M = o(t™®).

3.4.  Proof of Lemma 2.2: Model 2

Proof. For this model, we replace 5 by 10 and let I = {iy,42,...,%10}. Let

Go(t) = {G(t) : d(s,t) < 2m~/t/s(Int)? for all 1 < s < t}.
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It is shown below, see Lemma 4.3(a), that
Pr(G(t) € Go(t)) =1 — O(t~19).

Therefore, we replace (3.2) by

2m(lnt)? [max{x, 1
Prép |G €G(t) <3, ]I max({a:,z/} \ min{{x,g}} Pr(G{) € Ga(D)
cr

2m(Int)?
= 2 Z H 7711/2n1/2'

Cy,....Ck (z,y)€F*

P,,vel
¢
2m(Int)? 10 R (L 2m(Int)?
< () Y (xR
(=1 \v=1
= O/

Thus, we have

E ((|]135|)> = O(t~19) + O(t'023/5) = O(+*7/%)

and

E( (1B
Pr(|B;| > t7/%) < M = o(t™®).

(o)

3.5, Proof of Lemma 2.3

251 Rapidly mixing walks. We now consider the random walk made by the spider
S. A random walk on an fixed undirected graph G is a Markov chain (X;), X, €
V' associated to a particle that moves from vertex to vertex according to the
following rule: The probability of a transition from vertex v, of degree d, to
vertex w is 1/d if v is adjacent to w, and 0 otherwise. Let 7 denote the steady
state distribution of the random walk. The steady state probability wg(v) of the
walk being at a vertex v is, )
d(v
"W =a@y
where d(v) is the degree of v and d(G) is the total degree (i.e., sum of the degrees)
of the graph G.
We will need a finite time approximation of the probability distribution g
pertaining to a random walk on a subgraph H = G(t) — s of G(t). We obtain

(3.3)
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this by considering the mizing time of the walk based on a conductance bound
(3.7) of Jerrum and Sinclair [Sinclair and Jerrum 89].

Let s,t be fixed with s € [ﬁ,t) \ B:. Let P denote the transition matrix
of the random walk on H. Let P"" denote the distribution of the 7th step of
a random walk on H which starts at vertex . For K C V(H) = [t] \ {s}, let
K =V(H)\ K and
ZieK,jef”H(i)P(i,j)

(b =
" mu(K)
It follows from (3.3) that
e(K : K)
b =
T A(K)

where e¢(K : K) is the number of edges from K to K, and d(K) is the total
degree of vertices in set K.
The conductance of the walk is defined by

®(s,t) = min Dk.
my (K)<1/2

Let .
Gs(t) = {G(t) 2 D(s,t) > WVS € [t/lnt,t]}.
n
Lemma 3.3. If 0 € ©, then, in both Model 1 and Model 2,

Pro(G(t) ¢ Gs(t)) = o(t™).

O

252 Proof of Lemma 3.3: Model | Since d(K) < 2m|K| + e(K : K) it suffices to
prove a high probability lower bound on e(K : K), in both models.

Lemma 3.4.

Pro <<I>(s,t) < Wlo) =o(t™?).

Proof. For K C [f], let d(K,t) = 3", d(s,). Then
Pr(3K C [t]: |K| > 3t/4 and d(K,t) < (L1)mt) = o(e~“™)  (3.4)

for some absolute constant ¢ > 0.
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To see this, let K C [¢] with |K| = k = 3¢/4. Then

E (d(K,t)) > E(d([t — k + 1,t],)) = mk +m i 8—(i—k)

s=t—k+1
>2mk —m(t —k)In(t/(t — k) = <g - iln4> mt > (1.15)mt.

Applying Theorem 1 of Hoeffding, we see that

Pr(3K C [f] : |K| > 3t/4 and d(K,t) < (1.1)mt) < (35/4)(0’”“

for some absolute constant ¢/ > 0. This completes the proof of Lemma 3.4. O

Now for K,L C [t] \ {s}, let e(K : L) denote the number of edges of G(t)
which have one end in K and the other end in L (we only use this definition for
L=K=[t]\(KU{s}) and L = K).

It follows from (3.4) that with probability 1 — o(t=3)

e(K:F)—5\K|> . e(K:K)-5|K|

®(s,t) > min —- > min —.
m(K)<1/2m|K|+e(K : K) ~ |K|<3t/am|K|+ e(K : K)

(3.5)

(e(K : K) — 5| K| bounds the number of K : K edges in H,(t) and then observe
that the degree sum of K is at most m|K| +e(K : K).)

We prove the following high probability lower bound on e(K : K). Together
with (3.5) this proves Lemma 3.3.

Pro(3K : e(K : K) < m|K|/150) = o(t™?). (3.6)

Suppose K C [t], k= |K| and Yx = e(K : K). Let k = $Vkt and K_ = K N[x]
and K, = K\ K_.
Case 1: |[K_| > 3k/7.

t—ak/7—1
3(m — 5)k/T _ 3(m — 5)k t—1
Eo (Vi) > > 1 .
o (Vi) ; rrakr = 7 P\ et ak/T

Ezplanation: Consider the > t — k — 4k/7 — 1 vertices of [t] — [k] — {s} — K.
Each chooses at least m — 5 random neighbours from lower numbered neighbours
(plus themselves) and the sum minimises the expected number of these choices
in K_. The 5 comes from 6,1 —6; <5 for 8 € ©.

Applying Theorem 1 of [Hoeffding 63], we obtain

1 3mk P K‘,—|—4k 7 3mk/56
PrG(YKSEG(YK)/z)SeXp{_é 7 ln<n+4k/7)}:( t—l/ > '




Cooper and Frieze: Crawling on Simple Models of Web Graphs 69

So,

Pro(3K : |K_| > 3k/7, |K| < 3t/4 and Yx < E (Yk) /2) <

k
3t/ t K+ 4k /7 3mk/s6 3t/ te (k+4k/7 3m/56
S () (SEmy ™ oy (e (e
= k t—1 Pt k t—1

3t/4 3m/56\ F
st [k({1 4 [3
<> =V l5+3V5 =o(t™3).
=2\ % <\/Z<2+7 4)) oft™)

This yields (3.6) for this case.

Case 2: |K_| < 3k/7. Assume first that ¥ > 1000. Now let Zx denote the
number of edges from the set W of [k/15] lowest numbered vertices of K
which have their lower numbered endpoints also in K. Zk is dominated by
B(m[k/15],+/k/t) since there are at most 3k/7 + [k/15] < k/2 vertices of K
below any vertex w of W and there are at least k vertices in all below such a w.
We use Y = e(K : K) > M — Zy where M = (m—5)[k/15]. For |K| < t/1000,

we write

t/1000 " k M/2
Pro(3K : 1000 < |K| < ¢/1000, Zx > M/2) < 5 (k)QM <?>
k=1000
£/1000 (m—5)/30\ *
te [ 4k
< “(= = o(t™3).
<> (5(H)7) ey
k=1000

For |K| > ¢/1000, we use Chernoff bounds and write, for some absolute positive
constant ¢ > 0

3t/4
t
Pro(3K : /1000 < |K| < 3t/4, Zic > 9M/10) < 3 (k)e—CM _ o(t9),
k=t/1000

For |K| < 1000, we can write

1000 3mk/28
N/ omk 1000
Pro(3K : e(K,K) > 3mk/4) < I =olt™).
ro(RK s e(K, K) 2 3mk/4) < kz_;l (k) <3mk/28> <t1/2> e

Note that if e(K, K) > 3mk/4 then at least 3mk/4 —3mk/7 of these edges must
have one end in K.
This completes the proof of (3.6). o
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253 Proof of lemma 3.3 Model 2

Lemma 3.5. There is an absolute constant & > 0 such that

Pro(3K C [t] — {s},|K| > (1 — &)t : d(K,t) < (1+&)mt) = o(t™3).

Proof. Let ¢ be a small positive constant and divide [¢t] into approximately 1/¢
consecutive intervals Iy, Io, ... of size [(t] plus an interval of ¢t — [1/¢][¢t]. We
put a high probability bound on the total degree d(I1,t). Now consider the
random variables B,k = 1,2, ... where 8y, = d(I1,k[(t])/(m[(t]). Now 1 =2
and conditional on the value of J,

(Bk+1 — Br)m[(t] is dominated by B <m ¢t Br + 1) .

2k

It follows that we can find an absolute constant ¢ > 0 such that

Pro (5k+1 < B (1 + %)) < gmemdt,

So, with probability 1 — O(e~¢"¢?), we find that

e,
d(I1,t) < 2m[(t] H (1 + E) < 2m|(t] x 63/4(1/473/4 < 6mcV/4t,

for small enough (.

Now d([[¢t]],t) dominates d(L,t) for any set L of size [(t]. So, if m > 1/(c(),
then the probability there is a set of size [(t] which has degree exceeding 6m( 1/4
is exponentially small (< ([&W)e_t)). In this case, every set K of size at least

t — [¢t] has total degree d(K,t) > 2mt — 6m¢/%t and the lemma follows by
taking ¢ sufficiently small. O

Lemma 3.6. If m is sufficiently large, then

Prg (@(t) < %) =0(t™?).

Proof. For K C [t], |K| = k, we say K is small if Int < k < ¢t and K is large

otherwise, where ¢ = e~8.
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354 (e of K small Let K_ = KN [vVkt] andlet K, = K\ K_.

Case of |[K_| > k/2: Let Xy = X(K_) be the number of those edges directed
into K_ from vertices created after time v/k¢t. The number of such edges gen-
erated at step 7 > vkt dominates B(m — 5,mq/(2m7)), independently of any
previous step. (Here ¢ = |K_|). Thus,

t

(m—5)g (m—5)g, t
> = —(1+ .
E(X;) > E 5 1 In k:(l o(1))
>kt
Hence,
q q, t
< — — | < _—— —
Pr (Xt_ In ) <ex ( = lnk>
Thus,

IN

Pr (3K_ D X (K_) < %m é)

(7)o (5m0)
< oo (ot n (D))

< t

provided m is sufficiently large. Thus, whp the set K_ has at least T—Qk Int/k
edges directed into it, of which at most mk/2 are incident with K. This com-
pletes the analysis of this case.

Case of |K,| > k/2: We consider the evolution of the set K, = {uy,us,...,u,}
from step T = vkt onward. Assume that at the final step ¢, there are 6k edges
directed into K from K. We can assume w.l.o.g. that § < m/10, for otherwise
there is nothing to prove.

The number Y;;; of K : K edges generated by vertex u;;; is a binomial

random variable with expectation at most

2mk + ok
i1 =m—.
Hj+1 2mt;

The numerator in the above fraction is a bound on the total degree of K.
IfzZ=2Ky)= Z;Zl Y;, then

2mk + o0k [ 1 1
E(Z) T<E++t_>
2mk + 0k r
B 2Vt
< 105 M

< T



12 Internet Mathematics

Thus, for a > 0,

Pr(3K, : Z(K+) 2 ak) < Ek: (;) (M>ak

N

iy \/H X ak
o k
i 3mkl/2 t_e
- atl/? k
< ¢

if a =m/4, k < ct and m is sufficiently large. We have therefore proved that for
small values of k, there are at least mk/2 — mk/4 out-edges generated by K
not incident with K on the condition that 6 < m/10, completing the analysis of
this case.

235 (ase of K large. Let T =1t/2 and let ct < |K|,|K| < (1 — &)t where € is as
in Lemma 3.5. Let M = [T]and N = [T+1,t]. Let K_ = KNM, K; = KNN,
qg=|K_|, and r = |K,|. We calculate the expected number of edges u(K_, K)
of L = (K x(M\K_)U(N\K;)x K_) generated at steps 7, T < 7 < ¢t
which are directed into K. At step 7 the number of such edges falling in L is an
independent random variable with distribution dominating

mq (T —qgm
]‘TEN\K+B <m 5, 2m7_> + 1T€K+B <m 5, o > .
Thus,
(m —5)q 1 (m—5)(T—q) 1
> -
}L(K_,K+) - Z + 2 Z T
TEN\K TEK 4
m—5 1 1
= = (k-0 X @ -k-m) Y -
TEN\K TeK

Let (k) = ming_ g, u(K_, Ky). Then “somewhat crudely,”
1 t
- > 1
Z T . T+r

1 t
Z; lnt_r.

Y

Thus,

5 <(k_r)lntft2r+(%_(k_r))lntjr>'
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Putting k = kt and r = pt, we see that

m —5)t
p(k) = %g(ﬁ,p)
where
1
g(&,p):(m—p)1n1+2p+(§—ﬁ+p)ln1_p.
We put a lower bound on g:
2
pggimpliesm—ngandsog(m,p)zgln1+§.
So we can assume that p > £/2. Then
< implies  ¢( )>£1 2
K — —— impli K =1In .
P — p 9(s.p) 2 5 In 5=
1- 1-— 1- 2
Kk—p> £andp§T£ implies  g(k,p) > 2£In2_§
- 1-¢ .
K—p> andp>T implies &k >1-—¢.

We deduce that within our range of interest,
(k) > nmt

for some absolute constant 7.
Let Z be the number of edges generated within L, so that Z counts a subset
of the edges between K and K. Then

1
Pr <3K_,K+ CN: ZzZ< §nmt> ot e—nmt/8

IN

< e—nmt/lO

Recall that m is sufficiently large. This completes the proof of the lemma, except
for very small sets K.

For sets K of size s < Int, we note that, as G(t) is connected, the conductance
Dk is always Q(1/|K|). O

3.6.  Proof of Lemma 2.3: Continued

Define
G(t) = G1(t) N Gs(t) Model 1
G1(t) N Ga(t) N G3(t) Model 2.



14 Internet Mathematics

We apply the main result of [Sinclair and Jerrum 89).

, 2\ (v
|PY7T () — mpr (v)] < (1 - 7) O) (3.7)
Tmin
where i, = min, 75 (v).
Using (3.7) and Lemma 3.3, we see that with uo = 10(Int)3, whp
|PP#H (v) — g (v)] = Ot~ %) Yo € [t]\ {s}. (3.8)

We are glossing over one technical point here. Strictly speaking, (3.7) only
holds for Markov chains in which P(z,z) > 1/2 for all states z. To get around
this, one usually makes the walk flip a fair coin and stay put if the coin comes
up heads. In our case, we also omit to add a new vertex if the coin is heads.
So what we have been describing is the outcome, ignoring those times when the
coin flip is heads.

For the moment, we fix some 6 € © and assume that t/Int < s < t.

Now, by definition, to =t — 10u¢ and we define

I = [to+1,t—1]
= {oe€l: 3r eI suchthat X, =o}
& = {X,#s,T7el}
& = {3Jiel,jeJ: X;=jand j has a neighbour in {X,: o € [tg,7 — 2]}}
Fr = {|J|=k} k>0
For = {2k} k20
and write

Pro(X; =s| At —1)) =

> Pro(X; =s| Xy =w,G(to) = G, &, As(to))
GeG(to)
welto[\ts) - Pro(Xy, = w,G(ty) =G | As(t — 1))

+ Pro(X; = s,G(to) € G(to) | As(t—1)). (3.9)

It follows from Lemma 3.3 that

Pro(X; = 5,G(ty) ¢ G(to) | As(t — 1)) = o(t >Pro(As(t —1))71).  (3.10)
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To deal with the rest of (3.9), we write

to) = G, &, As(to))
Pro(X; =s | Xy, = w,G(to) = G, &)

o~

Pro(X;: =s| X3, = w,G

1
= ZPrG(Xt =S | Xto = w,G(to) = G,g(),]:k)
k=0

. Pl‘g(fk | Xto = ’LU,G(tQ) = G,go)
+ PI'Q(Xt =s | Xto = w,G(to) =G, 50,.7:22)
. PI‘@(}-ZQ | Xto =w, G(to) = G,g()). (311)

Given w, G(tp), conditioning on B def Eo N Fy is “almost” equivalent to S doing
a random walk on G(tg) — {s} starting at w. In fact, we get Lemma 3.7.

Lemma 3.7.

Pro(X: =s| Xy, =w,G(ty) = G,B) =

2;";;0 1+% 3 E,,(W) <1+0<%)>. (3.12)

 yeN(s,to)

where N(s,tg) denotes the set of neighbours of s in G(ty).

Proof. We emphasize that throughout the proof of this lemma, a graph G € G(t)
is fixed as well as X;, = w. All probabilities are conditional on this, even if not
stated explicitly. The only randomness in the graph G(t) itself is due to new
vertices.

Let
M ={Av € [ty],v # s: v has more than five neighbours in I}.

Then in both models

mto

Pro(M | G(ty) = G) < |I|° <M> =0(t™?). (3.13)

Fix y € N(s,to) and let Wy (y) denote the set of walks in H = G(to) — s which
start at w, finish at y, are of length \g =t —to = 100(Int)?, and which leave N*
exactly k times where N* is the (random) set of neighbours of I U {s} in G(to).
Let Wi = U, Wi(y) and let W = (wo, w1,...,wx,) € Wi(y). Let

o PI‘g(Xg(i) :wi,i = 0,1,...,)\0 ‘ M)
P Pre(Xa(i) = wi,i = 0,1,..., \)

(3.14)
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Here, X¢(i),7 = 0,1,...,A¢ is the sequence of vertices visited by S at times
to, to+1,...,t and we will use W = W, ¢ to denote this walk. We let X (),7 =
0,1,..., Ao is the set of vertices of H visited by a random walk Wy = W,, i on

H with start vertex w.
m—2>5 k
1>2pw 2> | ——
m

Then
This is because a vertex can have at most five edges joining it to s and then

Pro(Xc(i) = wi | Xa(i—1) = wiy, M) [>96letl8 0y, e v,
Prg(XH(i):wi \XH(i—l):wi_l) =1 Wwi_1 ¢N*

Furthermore,

PI‘g(B‘M) = Z Z PI‘9 w,G /\0) W|M)

k>0 WeWy
S pwPro(Wun(Xo) = W)
k>0 WeW;,

£ (59

k>0

Y

where

> Pro(Wu(ho) = W) = Pro(Wa(Xo) € Wh).
Wewy

We will show later that
Po+p1+p2>1-0(m™1) (3.15)

which immediately implies that

5 5\’
Pro(B | M) > po + p1 (1 - —) + po (1 - E) >1-0(m™h). (3.16)
Now write

Pro(Xe(ho) =y|BM) = > Y Prg Wa (o) =W | M)Pre(B | M)~

k>0 WeWy (y

= Z Z pwPre(Wi(Xo) = W)Pre(B | M)~!

k>0 WeWs (y)
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Now if

Prg(WH c Wk(y))
Pro(Xu(Mo) =)

Pry =

= Pro(Wg(Xo) leaves N* exactly k times | Xz (o) = ),

then we have

k: _
> ey (m; 5> < Pref(,fi()?z)(;o;/:i’)/\/{) <Pro(B|M)"L.  (3.17)
k>0

We need to be careful about probability spaces here. Let N# denote the the set
of neighbours of I in G(tp). In our conditional probability space, the py, are
now to be thought of as random variables dependent on N#.

We will show later that

Pro y(poy + Py +poy >1—-0(m™1) =1-0(t"?) (3.18)

where Prg 4 stresses that N7 is randomly chosen.
So, from (3.17), we obtain

5 2
Pro(Xn(h) =) (1 2 ) Pros(m, + 51, + b2, = 1- Om )

< Prg 4 (Xg(Xo) =y | B,M)
< Pro(Xu(Xo) =y)(1+0(m™)

or using (3.13)

e 1= ()

m
Therefore,

Pro(Xg(Xo) =y | B,M) = (14+0(m ")Pro(Xu(Xo)
Pro(Xa(Xo) =y, B, M) (14 0(m H)Pre(Xu(ho

Y)
) = y)Pre(B, M)

Pro(Xc(\o) =y, B) +O(t™®) (14+0(m™1)Pro(Xu(Ao) =)

(Pro(B) + O(t~2)) (3.19)

Now we will show later that

Prg(B) > (3.20)

N | =
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and (3.7) implies

d(y, tO) B 52/

omis +0@t™3) =@t

Pro(Xm (o) =y) =

where 1 < 9, <5 is the number of (s,y) edges in G(to). So from (3.19), we have

d(y7 tO)

Pro(Xe(Mo) =y | Xiy = w,G(to) = G,B) = (1+0(m™1)) oty

Thus,

Prg(Xt =S ‘ Xt() = w,G(tO) = G,B) =

d(y7 tO) 1

tho d(y, t)

1+0m™)Ee [ >

YyEN (s,t0)
+O(m ™ )Pre(X; 1 € N(s,t — 1)\ N(s,19)).

Then Lemma 3.7 follows from
Pro(X;_1 € N(s,t — 1)\ N(s, 1)) = O(t2). (3.21)
To verify this, we observe that
Pro(|N(s,t — 1)\ N(s,t0)| = 2) = O(t )

and so we only need to consider the case N(s,t — 1)\ N(s,t9) = {y1} where
y1 € 1.

If y1 —to < 5uo, then we can prove Pro(Xy—1 =31 | X, =w',...) = o1
essentially by replacing to by y1. If y1 — to > 5uo then either (i) there exists
u € I such that X,, = y1, or (ii) we can condition on X, # y1,u € I and proceed
as for (3.12). Finally, note that the probability of (i) is 6(75_1) by the argument
for (3.12). This completes the proof of (3.21) and hence Lemma 3.7 (modulo the
proofs below).

2.6.1.  Proof of (3.15) and (3.18). Clearly (3.18) implies (3.15). We therefore start
with (3.18). Observe first that N# the set of neighbours of I in G(t,) satisfies
Pr(Wy(Xo) N N# £ 0) = O(t1/?). (3.22)

To see this, we use the fact that the walk is defined on H and N # is independent
of H. We also need an upper bound of O(t!/?) for maximum degree in G(tg)
and this follows from Lemmas 3.1(a) and 4.3(a).
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Since N* = N# UN(s,to), we only have to show now that the probability that
Wi leaves a vertex of N(s,to) three times or more is O(m™!). Furthermore, this
event depends on G(tp), which is fixed and not on G().

Given G € G(tg) and W = Wg()\g), the total degree of the vertices of W is
O(t'/2) in Model 2. In Model 1, we would have O(t~1) for the RHS of (3.22).

Now let W(a, b,v) denote the set of walks in H from a to b of length ~ and for
W e W(a,b,v), let Pr(W) = Pr(W, u(y) = W). Then for x € V(H), we have

Pr(Xu,m(A/2) = 2 | Xu,n(Xo) =)
- PI‘(Wl)PI‘(WQ)
- 2 Pr(W(w,y, \))

W1 GW(w,m,)\o/Z)
WaeW(z,y,A0/2)

=T Z Pr(W,)m,, g Pr(Ws)
Wz EXW(w,y,Ao))
WaeW(z,y,\0/2)

and with W3 equal to the reversal of W,

Pr(W1)Pr(Ws)
2 Pr(W(w,y, \))

_ -1

- ﬂ-a:,Hﬂ-va
WieW(w,z,\o/2)
WseW(y,z,20/2)

7Ta;,lHﬁy,H
= Brov(w, g gy TV A0/ 2)PrOV(y, 2, 20/2)

-1
T gy, H —24\\2
pr— —’ x - O t
PrOv(w, g, a0 o O

= Tg,H — O(t_23).

It follows that the variation distance between the distribution of a random walk
of length Ay from w to y and that of Wy, Wieversed is O(+=22) where Wy, W
are obtained by (i) choosing z from the steady state distribution, and then (ii)
choosing a random walk W; from w to x and a random walk W3 from y to z.
Furthermore, the variation distance between distribution of W; and a random
walk of length \g/2 from w is O(t~2%). Similarly, the variation distance between
distribution of W3 and a random walk of length )¢ from y is O(¢t=2).

Now consider W7 and let Z; be the distance of Xy (i) from s. We observe that
since s ¢ By, C By, while the walk is within o of s, the distance to s must go
up or down in one step and that

1

Pr(Zi+1:Zi+1‘Zi<O'0)Zl——.
m—>5
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We will deduce from this that, where Ny (s) is the set of G(to) neighbours of s,
Pr(W; or W3 make a return to Ng(s)) = O(1/m) (3.23)

and this together with (3.22) implies (3.18).
To verify (3.23), we first see that

L oo+ 2% 1o\t
Pro(d1<i< X\/2:Z;=1|Zy =0 < A S
o(A1 < i < Mo/ o= < 03 (550 ()
N *Z/z (00 +2k)e  \7*
= Ok:o (m —5) (o0 + k)
< A3(2e/(m — 5))°°. (3.24)

Then we have

Pr9(3i>0: 22121,1<Zl,22,...,221'_1SO’O‘Z():].)S

2(2;> (%_5><2<m2_5>= m2_7. (3.25)

>0 >0

Equation (3.23) follows from (3.24) and (3.25).

262 Proof of (3.20). This follows from Pr(& | X, = w,G(ty) = G,Fo) =
1 — O(m™1), much as in the proof of (3.18). In particular, we see that if a walk
in G starts at w # s ¢ By, then the probability it visits s in Ao steps is O(m™1).
Then we will see that Prg(Fy | Xi, = w,G(tg) = G) = 1 — o(1) (see (3.26)
below). In the proof below, we condition on & but the proof is valid without
this conditioning.

This completes the proof of Lemma 3.7. O

We will next argue that

Pro(Fsp | Xy = w,G(te) = G, &) = O@tF) k=1,2. (3.26)
Pro(X; =s | Xy, =w,G(to) = G, &, F1) = Ot ?). (3.27)
Eo (d(y,t) —d(y.to)) = O(t/?). (3.28)

It follows from (3.9)—(3.12) and (3.26)—(3.28) that

Prg(Xt =S ‘ Xt() = w,G(to) = G,g()) =
0

S (1 Lo (% ) +O(t*Pro(Au(t — 1)) 7). (3.29)

and removing the conditioning on X, = w, G(ty) = G yields Lemma 2.3(a).
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For part (b), we see that X; = s if and only if [i] s chooses X;_; as one of
its m neighbours and then [ii] S moves to s. If we condition on X;_; = z and
d(z,s — 1) = d, then Prg([i]) < #Sd_l) and Pro([id] | [1]) < 2 (we write < 2 in
place of the more natural d+r1 to account for z being chosen more than once).

This proves part (b).

2.6.3.  Proof of (3.26). Let us generate X;,i € I using as little information about
the edges incident with I as possible. Thus, at step ¢ we first establish whether
any of to + 1,...,% are neighbours of X; ;. If the answer is no, we do not
determine these neighbours. Thus, up to the first time we get the answer yes, the
conditional distribution of the neighbours of ty, tp+1, ..., is that they are chosen
from a set of size t — o(t) either randomly (Model 1) or from the same set with
probabilities proportional to degree (Model 2). Let )J; = {YES at ¢ and X, €
{to+1,...,i}}. H d(X;_1,7) = d, then

Pr(Y, | d) = O (I . %l - é) ~0 (%) . (3.30)

Since F>1 C ;¢ Vi, we have (3.26) for k = 1.

Now assume that %; is the first ¢ for which ); occurs and that X;, 1 = ji.
Arguing as in the first paragraph of this subsection, we see that the conditional
probability that ); occurs for is > 41, with X;, 1 = jo # j1 is also 6(t_1|1|)
and this completes the proof of (3.26). a

264 Proof of (3.27). Let J = {j1} and let j; be visited for the first at time ¢;

and let 4; = X, 1. We condition now on 1, j1,%; a well. We write

Pr9(Xt =S | Xto = waG(tO) = Ga‘gO)j:l) =
PI‘@(Xt =S | Xto == w,G(to) = G, 50,?1,.7:1)131‘(?1 ‘ th = w,G(to) = G,go,fl)
+Pro(X; = s | Xyy = w,G(to) = G, &, &1, F1)Pr(&1 | Xyy = w,G(bo) = G, €0, F1).

Observe that
Pre(glthO = w, G(to) = G,(c,'()’j:l) = 6(t_3/2)

Use (3.30) plus an extra O(t~1/2) factor for the extra neighbour(s). Furthermore,
it is easily seen that

Pre(le ‘ Xt() = w7G(t0) = Ga 503) = Q(t_l)
Combining these two statements with (3.26) for k = 2, we see that

Pro(&1 | Xty = w,G(to) = G, &, Fi1) = 5(15—1/2).
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So we can assume that £ does not hold. We consider two possibilities:

(a) There is an ¢ < ¢ — 1 such that X; = j; and X;11 # i1:

Model I. From time 7 4+ 1 on, our walk is conditioned to walk on the graph H'
induced by ([to]U{j1})\{s}. If v € H', then its steady state probability 7(v) for
a random walk on H’ is at least 1/(2t() and the probability that X;;; = v is at
most twice this. It follows that in any subsequent step of a simple random walk,
the probability S is at v is at most 27 (v). Although the walk is conditioned rather
than constrained to walk on H’, arguments similar to those for (3.16) show that
this conditioning only changes such probabilities by a factor 1+ O(m~1!). Thus,
in this case the probability we arrive at a neighbour of s, at time ¢ — 1 is also
O(t~1) and (3.27) follows for this case.

Model 2. Now if v € [to] \ {s}, its steady state random walk probability m(v) is
asymptotically equal to the probability it is chosen as X;;; and we can use the
analysis for Model 1.

(b) For all i <t — 1, X; = j; implies X; 1 =41:

Now after replacing some sequences i1, j1,41 by just i1, our walk is conditioned
on Fy and then (3.27) is implied by Lemma 3.7.

265 Proof of (3.26). This follows from the fact that in Model 2, the maximum
degree in G(t) is O(t'/?) whp, see e.g., [Cooper and Frieze 01]. For Model 1,
the maximum degree is O(Int) with sufficiently high probability.

3. (> 1.

We follow the above analysis and note that the degrees do not change during
the spider’s walk and that error estimates do not increase (no new vertices are
added).

4. Proof of Theorem 1.2
4.1, Model |

Theorem 4.1.
2

e (t) = (1+ O(m™1)) /01 exp ((m + é)lnx + 2% (1- m)) da.

Ne = \/ge(€+2)2/(4f) /Oo 6—22/2 dz.
¢ (6+2)/v/3E

Thus, when £ = 1, n1 = 2y/me/4(1 — ®(3/v/2)) where ®(x) is the standard
normal cumulate. Thus n1 ~ 0.5699953.... Furthermore, as £ — oo, ng ~ 2/£.
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Proof of Theorem 4.1. We write d(s,t) as
d(s,t) = Xy + Xep1 + -+ X 4+ -+ X,

where X, = m and for 7 > s, the X, = B(m, T—il) are independent.
Now

M~
A
o
:]/
|
]
N
(]
s

5
>lomlio(})
Thus, o
fi(-452 (0 (2))) ol (o) £ %)

_ 1;[ <§>%ﬂ”(1+o(#)) _

=S

Then we can write

6™ <042 (o) <BO™

=S r=Ss

where ¢ — % <A <U< A <[Ll+ % for some constant A > 0.
Now

t A Xp t A X
s11(H) 7 - 1Ie ()7
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Thus,

Y

Vé,m(t)

(1+o(1))t /01 exp((m—i—%) lnx+¥<l—x%)> dz
(0 (2))e [ oo ((oe ) 22 (1))

Replacing A; by A2 to get an upper bound, we deduce that

Ve (t) = <1+O<%)>t/01 exp(<m+§) lnx—|—¥ (1—x%)> da.

The values of this integral are easily tabulated. For £ = 1, they quickly reach a
value of about 0.57 as m grows. The approximation is accurate to the second

decimal place for m > 4.
As m — oo, by using the transformations z = e™¥ and z = /£/2y + (I +

2)/(v/2€), we obtain
o0 t+2 0,
= Sy 22 d
Ne /0 eXP( B Y 49) Y
\/?e(uz)"‘/(u?)/oo /2 g,
¢ (£42)/ V2t

2
L
since e’ /2 [ e~V /2dy ~ 1/ as x — oo. 0
4.2.  Model 2
Theorem 4.2. ne = 622@2/ y eV dy.
¢

When £ =1, 1 = 0.59634.... Furthermore, as £ — 0o, ng ~ 2/.
Lemma 4.3.
(a) Pr(3s,t : d(s,t) > 2m+/t/s(Int)2) = O(t~10).

(b) If t/Int < s <t and r < 2m+/t/s(Int)?, then

wrte o= (1) 67 (1 ()

(o= 1o ()
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Proof of Lemma 4.3. (a) Fix s <t and let X, = d(s,7) for 1 =s,s+1,...,¢. Now
conditional on X, = x, we have

Xep1 = Xr + B (m,5—)

2mr
and for A <1
E (e)‘X*+1 | X, = 3:) = (1 — % + %e/\)
< exp{/\m—%+%(1+/\+/\2)}
= exp{)\x (1—1— 1;;_)\)}.
Thus,

E (X)) < E (exp {A (1 + %XJ })

T 1+A
exp ¢ mA H (1 + —) }
{ T=8+1 2T

exp{2mA(t/s)1T2/2}
exp{2mA(t/s)*/? Int}.

IN

IN N

Putting u = 2m(t/s)Y/?(Int)?, A = %, we get

Pr(X; > u) exp{A(2m(t/s)"?Int —u)}

exp{—m(t/s)"/?Int)?}

IN A

and part (a) follows.

(b) Let 7 = (71, ...,7) where 7; is the step at which the transition from degree
m+ j to degree m + j + 1 occurs. Let 79 = s and let 7,41 = t. Let p(s,¢,7 :
7) =Pr(d(s,t) =m+r and 7). Then

r

plstrom) =1 (@) 11 (1—%)7” ,

7=0 T]'<T<Tj+1

where &5 = 1 and

®j2<1+0<m7;‘.—1)) m(m+j—1) (1_m+j—1>m_1.

2mr; 2mr;
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In the above and in the following we use the fact that 7; > s > (m +r)® and
r= o(sl/ 2). The events that an edge sends two edges to s only contribute to the
error terms here.

Now
m+j)m m+j (1 (m—i—j
H 1-—= = exp|——%— Z =+0 S
T <T<Tjt1 2mT 2 Tj <T<Tj+1 T T
_ exp(—mTﬂ (logTj+1+O(m+J ))
Tj Tj
m+j
_ 7j ’ (m+45)*
B (Tg+1> (1+O( " >)
Thus,
Pr(d(s,t) =m+r) = Zp(s,t,r :T)
T
where
m+r3\\ m(m+1)---(m+r—1
p(s,t,r:T):(l—i—O(( Jsr) )) ( ) 2r( )
s\m/2 1 1 1
- —_— .. . 4.2
(t) tr/2 T1 ﬁ ( )
Now
ZL 1 _ 1 tLdT_FO 1 '
T T1 ﬁ B r! s T \/g
r 2" "
= (1ro(H) 7 (vi-ve) -
The result follows. O

Assuming the same conditions on r, s as in Lemma 4.3(b), define

)= [T (~422)

As in the proof of Lemma 4.3, let d(s,t) = m + r and let 7 = (7, ..., 7.) denote
the transition steps of d(s,t) from m to m+r. As before, let 79 = s and 7,41 = ¢.
Let p(s,t: 7) be the value of p given 7.
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Then

p(s,t:7T) = exp ——Z Z mT—H

=071, <T<7j41

RS ; 1
= exp —%Z(m—l—j)(log%—I—O(:))
j j

Jj=0

— (140 (L)) (2) grreramey am i trom,

Thus, combining p(s, ¢ : 7) with p(s,¢,7 : 7) (as given in (4.2)) for T of length r
and summing over T, we have

Z Zp(s,t cT)p(s, t,r i T)

T T

- Sl (mif*);‘—i
tr(l+£/m)/2 ; H (1— Z/m

Jlj

= X (1ro (=) 10 MW))
T m+r—1 1_(%)(1+f/m)/2 T
( r ) ( 1—|—€/m )

1 ya m
= (1+0(1))< Tem 2) .
(z) +£/m)/

S

E p(s,1)

Thus, using the transformations, z = s/t and y = £/+/x, we find

 Bunt) . 1 1+ £ "

as required.



88 Internet Mathematics

5. Extensions and Further Research

There are some natural questions to be explored in the context of the above
models.

e It should be possible to extend the analysis to other models of web graphs
e.g., [Broder et al. 00] and [Cooper and Frieze 01]. In principal, one
should only have to establish that random walks on these graphs are rapidly
mixing.

e One can consider nonuniform random walks. Suppose, for example, that
each v € [t] is given a weight A(v) and when at a vertex v the spider chooses
its next vertex with probability proportional to A(v). If A(v) = > -y (,) A(v)
(N (v) denotes the neighbours of v), then the steady state probability m(v)
of being at v in such a walk is proportional to O(v) = A(v)A(v). Again,
once one shows rapid mixing, it should be possible to obtain an expression
like (1.1) for the number of unvisited vertices.

e We have only estimated the expectation of the number of unvisited vertices.
It would be interesting to establish a concentration result.
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